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3 (x, y, z)

(px, py, pz) 6 (6 )

(bunch )

x px 2

x-px

2

10 fs

2 px px pz
x′ = px/pz

z (

) x y

2 (

)
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3

1 ( ) (

)

4

x′

εn pz = mcγβ

ε =
εn
γβ

, (1.1)

γ = 1/
√
1− β2

β = vz/c c

ERL
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PR-ring 500.1 MHz

312

500.1 MHz / 312

= 1.6029 MHz

280.7 nC

( )
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1.4 ERL

ERL

ERL

[1] 2

ERL

1

6: ERL

ERL

X
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(VB) (CB)

NEA

(Quantum Efficiency)

(x y )

kBT
8

εx = σx

√
kBT

mc2
(2.1)

[8,11] kB Bolzmann

m c σx
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kBT
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exp (−αz)
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POISSON [19]

z Er
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(r �= 0) Er

2 z

Ez0(z) Er

z Ez0(z) z r �= 0

Ez(r, z) = Ez0(z)− 1

4
r2

∂2Ez0(z)

∂z2
, (2.2)

Er(r, z) = −1

2
r
∂Ez0(z)

∂z
(2.3)

z

x

4σx

(12)1/2σz
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ERL

21

4.5

ERL

1 Ez0(z) 22

z Ez0(z)

z

Ez0(z)

Ez(z, t) z

z

r θ

Ez(z, t) Maxwell z

r

Er(z) Bθ(z)

Er(z, t) = −r

2

∂Ez0(z, t)

∂z
, (2.6)

Bθ(z, t) =
r

2c2
∂Ez0(z)

∂t
(2.7)

r

r 1 TM

z

Ez(r, z) = Ez0(z) cos(ωt+ φ), (2.8)

Er(r, z) = −1

2
r
∂Ez0(z)

∂z
cos(ωt+ φ), (2.9)

Bφ(r, z) =
rω

2c2
Ez0(z) sin(ωt+ φ) (2.10)

ω φ

1 Ez0(z)

r

2 3
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3

ERL

[1,24]

3.1

Maxwell

∇ ·B = 0, (3.1)

∇×H =
∂D

∂t
+ J , (3.2)

∇ ·D = ρ, (3.3)

∇×E = −∂B

∂t
, (3.4)

D E B H

D = εE, (3.5)

B = μH, (3.6)

∇ · J +
∂ρ

∂t
= 0, (3.7)

d

dt
(γmβc) = e(E + v ×B), (3.8)

3.2

[25]

1.

2.

3. Coulomb

4.

5. CSR

6.

7.

8.

9.

ERL

ERL

3

ERL

3

3 CSR

GeV

ERL

Coulomb

3.3

Coulomb

z z

vz ( 35)

r

(ρ0 = const.)
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r

z

z zero Er Bφ

Gauss

Er(r) =
1

2ε0
ρ0r. (3.9)

Ampere

j = ρ0v. (3.10)

Bφ =
1

2
μ0ρ0vr, (3.11)

Er, Bφ

Lorentz

Fr = e(Er − vBφ)

= e

[
1

2ε0
ρ0r − 1

2

1

ε0μ0
ρ0v

2r

]

= e
ρ0r

2ε0

[
1− v2

c2

]

=
1

2

e

ε0

ρ0
γ2

r. (3.12)

Lorentz

γ =
1√

1− β2
, (3.13)

β = v/c c2 = 1/(ε0μ0) (3.12)

1/γ2

γ

Coulomb

γ

T

T = (γ − 1)mc2, (3.14)

E = γmc2, (3.15)

T = 2.5 GeV 1/γ2 =

4.2 × 10−8

Coulomb

ERL E0 ∼ 10 MeV

Coulomb

GeV

Coulomb

Lorentz

5.1

3.4

(beam)

ERL

5.3

36

r0 z

Er(r)
Bθ(r)

v



36: ( )

( )

ERL

RF

1 %

ERL

3.5

6

N 6N

6

rms

3.5.1

〈〉
rms (σx, σy) rms

σz

σ2
x = 〈(x− 〈x〉)2〉, (3.16)

σ2
y = 〈(y − 〈y〉)2〉, (3.17)

σ2
z = 〈(z − 〈z〉)2〉, (3.18)

RF

RF

3.5.2

(x, x′)

ax2 + 2bxx′ + cx′2 = 1, (3.19)

a, b, c

Ax =
π

(ac− b2)1/2
, (3.20)

εx =
Ax

π
, (3.21)

Liouville x

Px ∫ ∫
dxdPx = const. (3.22)

(x, x′)

Ax =
1

P

∫ ∫
dxdPx =

1

γβmc

∫ ∫
dxdPx, (3.23)

z
electron bunch

z

electron beam



Liouville
∫ ∫

dxdPx

Ax 1/γβ

(βγ = const.) Ax

εx ERL

βγ �= const. εx

ERL

εnx = γβεx, (3.24)

rms

rms x, Px

εn,x =
1

mc

√
〈x2〉〈P 2

x 〉 − 〈xPx〉2

= βγ
√
〈x2〉〈x′2〉 − 〈xx′〉 = βγεx,

(3.25)

〈x2〉
〈(x− 〈x〉)2〉

Hamiltonian Liouville

rms

Hamiltonian

rms

rms

rms

rms

rms (σx, σx′)

rms rms

rms

ERL

RF

RF

RF

37
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x x

x’ x’

x

x

x’

slice emittance

electron bunch

projected emittance

37:

RF

3.5.3

ERL

RF

γ

δ =
σE

E0
=
〈(γ − 〈γ〉)2〉1/2

〈γ〉 , (3.26)

σE rms

E0 E0 = mc2〈γ〉

3.5.4

(Courant-Synder Pa-

rameters) α̂, β̂, γ̂

xc = x− 〈x〉, (3.27)

x′
c = βx − 〈βx〉, (3.28)

εxc =
√
〈x2

c〉〈x′2
c 〉 − 〈xcx′

c〉2, (3.29)

α̂x = −〈xcx
′
c〉

εxc
, (3.30)

β̂x =
〈βz〉〈x2

c〉
εxc

, (3.31)

γ̂x =
〈x′2

c 〉
εxc〈βz〉 , (3.32)

y

β Lorentz

γ ”β” ”γ”

ˆ

ERL

ERL



4

RF

6.1

4.1

z

(r, ṙ, θ, θ̇, z, ż)

˙ d/dt ′

z ∂/∂z

z

1. r

2. r′ (r′ � 1)

3. vθ (rθ̇ � ż)

z

z

φ(r, z) = V − 1

4
V ′′r2 +

1

64
V (4)r4 − · · · . (4.1)

V (z) z

V (z) = φ(0, z), (4.2)

Ez(r, z) = −∂φ

∂z
= −∂V

∂z
= −V ′, (4.3)

Er(r, z) = −∂φ

∂r
=

1

2
V ′′r,= −r

2

∂Ez

∂z
, (4.4)

φm(r, z)

φm(r, z) = φm(0, z)− 1

4
φ′′
m(0, z)r2

+
1

64
φ(4)
m (0, z)r4 − · · · , (4.5)

1 φ′
m = −B

Bz(r, z) = −∂φm

∂z
= B, (4.6)

Br(r, z) = −∂φm

∂r
= −1

2
B′r. (4.7)

Eθ = 0 Bθ = 0

(3.8)

dP

dt
= γm

dv

dt
+mv

dγ

dt
= q(E + v ×B), (4.8)

(r, θ, z)

d

dt
(γmṙ)− γmrθ̇2 = q(Er + rθ̇Bz − żBθ), (4.9)

1

r

d

dt
(γmr2θ̇) = q(Eθ + żBr − ṙBz), (4.10)

d

dt
(γmż) = q(Ez + ṙBθ − rθ̇Br), (4.11)

E B

m
d

dt
(γṙ)−mγrθ̇2 =

1

2
qV ′′r + qrθ̇B, (4.12)

m
d

dt
(γr2θ̇) = −1

2
qżB′r2 − rṙB, (4.13)

m
d

dt
(γż) = −qV ′ +

q

2
r2θ̇B′, (4.14)

(4.12) θ̇ (4.13)

(4.13)

Hamiltonian

H = c
√

m2c2 + (p− qA) + qφ−mc2, (4.15)

A P

p p = P + qA

φ A Hamiltonian

Hamiltonian

dpθ
dt

= −∂H

∂θ
= 0, (4.16)



pθ

pθ = γmr2θ̇ + qrAθ = const. (4.17)

Ψ =
∫
B · dS

Ψ =

∫
(∇×A) · dS =

∮
A · dl = 2πrAθ, (4.18)

Ψ Aθ = Ψ/(2πr)

z Bz(r, z) � Bz(0, z) = B

z r

Ψ = πr2B, (4.19)

Aθ B

pθ = γmr2θ̇ +
q

2
Br2 = const. (4.20)

θ̇

θ̇ = − qB

2γm
+

pθ
γmr2

, (4.21)

ż = dz/dt � βc

θ′ =
dθ

dz
= θ̇

dt

dz
� − qB

2γmβc
+

pθ
mcβγr2

, (4.22)

(4.20) r θ̇ γ B

(B = 0)

pθ = γmr2θ̇

(θ̇ = 0) pθ = 0

z (4.14) γ

V ż � v = βc (vθ = rθ′ � v)

(4.14) 2

m
d

dt
(γż) = −qV ′, (4.23)

d

dt
(γż) =

dz

dt

d

dz
(γż)

= v(γ′v + γv′)

= c2(γ′β2 + γβ′β), (4.24)

β′ � 0 β � 1

d

dt
(γż) = c2γ′, (4.25)

(4.23)

mc2γ′ = −qV ′, (4.26)

d

dt
(mc2γ + qV ) = 0, (4.27)

(4.27)

mc2γ + qV = const. (4.28)

mc2

(γ − 1)mc2 + qV = T + U = const. (4.29)

T U

T = 0 γ = 1

V = 0

(γ − 1)mc2 + qV = 0, (4.30)

γ

γ = 1− qV (z)

mc2
= 1 +

|qV (z)|
mc2

, (4.31)

(4.21)

θ̇ r (4.12)

d

dt
(γṙ) =

q

2m
V ′′r +

rθ̇

m
(mγθ̇ + qB)

=
q

2m
V ′′r − 1

4γ

(
qB

m

)2

+
p2θ

γm2r3
,

(4.32)

d

dt
(γṙ) = γ̇ṙ + γr̈, (4.33)

γ r

γ̇ =
dz

dt

dγ

dz
= γ′βc,

ṙ =
dz

dt

dr

dz
= r′βc, (4.34)

r̈ =
d

dt
(r′βc) = r′′β2c2 + r′

γ′

γ3
c2,

γ′/γ3 = ββ′

(4.33)

d

dt
(γṙ) = c2(γβ2r′′ + γ′r′), (4.35)

r (4.32)

c2(γβ2r′′ + γ′r′) =
q

2m
V ′′r − 1

γ

(
qB

2m

)2

r

+
p2θ
γm2

1

r3
, (4.36)



V ′′

(4.31)

qV ′′ = −mc2γ′′, (4.37)

γ′′ (4.36)

V ′′

r′′ +
γ′

γβ2
r′ +

γ′′

2γβ2
r +

(
qB

2mcβγ

)
r

− p2θ
m2c2γ2β2

1

r3
= 0, (4.38)

2 3

4

5

1

rms

rm

rm(z)

(4.38) r rm

4.2

(r, r′ = dr/dz)

a b c

ar2 + 2brr′ + cr′2 = 1, (4.39)

A = επ =
π

(ac− b2)1/2
, (4.40)

ε = 1/(ac− b2)1/2

σ̄ =
1

ε2

(
c −b
−b a

)
, (4.41)

(4.40)

trσ̄−1r = 1, (4.42)

r =

(
r

r′

)
,

tr = (r, r′),

σ̄ r r′

σ

σ =

(
σ2
r σrr′

σr′r σr′2

)
= ε4σ̄, (4.43)

ρ(r, r′)
(
∫
ρdrdr′ = 1)

σ2
r =

∫
ρ(r − 〈r〉)2drdr′, (4.44)

σ2
r′ =

∫
ρ(r′ − 〈r′〉)2drdr′, (4.45)

σrr′ =

∫
ρ(r − 〈r〉)ρ(r′ − 〈r′〉)drdr′, (4.46)

〈r〉 =
∫

ρrdrdr′, (4.47)

〈r′〉 =
∫

ρr′drdr′, (4.48)

(r1, r
′
1) z

M =

(
1 z

0 1

)
, (4.49)

(
r2

r′2

)
= M

(
r1

r′1

)
, (4.50)



(a, b, c)

M σ̄

σ̄2 = Mσ̄1
tM, (4.51)

σ̄1 M

σ̄2

σ̄1 =
1

ε2

(
c1 −b1
−b1 a1

)
, (4.52)

σ̄2 =
1

ε2

(
c2 −b2
−b2 a2

)

=
1

ε2

(
1 z

0 1

)(
c1 −b1
−b1 a1

)(
1 0

z 1

)

=
1

ε2

(
c1 − b1z + z(a1z − b1) a1z − b1

a1z − b1 a1

)
,

(4.53)

z

a2 = a1, (4.54)

b2 = b1 − a1z, (4.55)

c2 = a1z
2 − 2b1z + c1, (4.56)

R2 = σr,2 = ε
√
c2, (4.57)

1

R′
2 =

dR2

dz
=

ε

2

1√
c2

c′2, (4.58)

(4.56) 1 c′2 = 2(b1−a1z) =

−2b1

R′
2 =

ε

2

1√
c2

c′2 = − εb2√
c2

, (4.59)

2

R′′
2 =

ε

2

(
−1

2
c
−3/2
2 c′22 + c

1/2
2 c′′2

)

=
ε2

R3
2

, (4.60)

R′′ − ε2

R3
= 0, (4.61)

(4.38)

4.3

γ

(pθ = 0) B

(4.38)

r′′ + k2(z)r = 0, (4.62)

k2(z) =

(
qB(z)

2mcβγ

)2

, (4.63)

(z1)

(z2)

r′(z2)− r′(z1) = −
∫ z2

z1

k2(z)dz, (4.64)

k2

z (r ≥ 0)

r′(z2)−r′(z1) < 0 r′(z2) < r′(z1)

(4.64)

k2 B(z)2

xy

(4.22)

θ = 0 pθ = 0

θ′

θr = −
∫ z2

z1

qB(z)

2mcβγ
= −

∫ z2

z1

k(z)dz, (4.65)

B2

B B



xy

f

1

f
= −r′

r
=

(
q

2mcβγ

)2 ∫ z2

z1

B2(z)dz, (4.66)

B0

Lsol =
1

B2
0

∫ z2

z1

B2(z)dz, (4.67)

1

f
=

(
q

2mcβγ

)2

LsolB
2
0 , (4.68)

B2

4.4

ERL RF

RF (Radio

Frequency)

( )

4.5

ERL

RF

RF

(TM01 )

RF RF

38 z

z

Ez(z, t) = E0(z) cos(kz) cos(ωt), (4.69)

38: RF

ω RF k k =

2π/λ = ω/c λ RF

z0 z

s = z−z0

E0 z

E0 z (2.6)

(2.7) Er(z, t) Bθ(z, t)

Er(z, t) = −r

2

[
∂E0

∂z
cos(kz) cos(ωt)

−E0 sin(kz) cos(ωt)
]
, (4.70)

Bθ(z, t) =
rω

2c2
E0 cos(ks) sin(ωt), (4.71)

dPr

dt
= q (Er − vBθ) , (4.72)

Er Bθ

dPr

dt
= −qr

2

[
∂E0

∂z
cos(kz) cos(ωt)

−E0 sin(kz) cos(ωt)

−ω

c
βE0 cos(ks) sin(ωt)

]
, (4.73)

RF

ϕ = ωt− kz, (4.74)

dPr

dt
=

r

2
kqE0

[
− 1

kE0

∂E0

∂z
cos(ks) cos(ks+ ϕ)

+
1

2
(1 + β) sin(2ks+ ϕ)

−1

2
(1− β) sin(ϕ)

]
, (4.75)

electron bunch

photo cathode

z
laser beam



ϕ

RF

RF

RF

(q = e)

β � 1

∂E0/∂z

dPr

dt
=

r

2
keE0 sinϕ, (4.76)

−π/2 <

ϕ < 0 RF

z = 0

Pr = 0

(r � const.) RF

Pr

Pr =
erE0

2c
cosϕ1, (4.77)

ϕ1

ϕ1 ϕ01

Δϕ

ϕ1 = ϕ01 +Δϕ, (4.78)

Δϕ �
−k(z − z0) = −ks

(x, z0) s

(x, z)

ΔPx = Px(x, z)− Pz(x, s0), (4.79)

rms

x r x

(4.77) 0 < ϕ0 < π/2

ΔPx =
eE0k

2c
| sinϕ01|xs, (4.80)

x

x

s s

ΔPx x s

RF

〈〉
x

Δεnx,rf =

[〈x2〉〈ΔP 2
x 〉 − 〈xΔPx〉1/2

]2
mc

=
eE0k

2mc2
σ2
xσz| sinϕ01|, (4.81)

σx = 〈x2〉1/2 σz = 〈s2〉1/2
ϕ01

s

Px

Px(x, s) = Px(0, 0) +
∂Px

∂x
x+

∂Px

∂z
z

+
∂2Px

∂x∂z
xz + · · · , (4.82)

3

RF 4

39 RF

Px

x

Δεkick =
1

mc

∣∣∣∣∂Px

∂z

∣∣∣∣σxσz, (4.83)

Δεfocus =
1

mc

∣∣∣∣∂2Px

∂s∂x

∣∣∣∣σ2
xσz, (4.84)

RF

ε2nx = ε20 + (Δεkick)
2 + (Δεfocus)

2, (4.85)

ε0 RF

RF



39: RF

(a)

(b)

ERL

RF

RF

RF

ERL

4.5

ERL

(drift bunching)

RF

2

(β ∼ c)

ERL

ERL

x

Px

x

Px

(a) kick (b) focusing

headtail
bunched beam

β



40: RF

RF

L

RF

Ez = E0 sin(ωt), (4.86)

40 ωt = 0

ωt Ez

Ez ∼ E0ωt, (4.87)

ωt 1

41 (z, Pz)

Pz z Pz

41

E0

RF

41: (z, Pz) RF

Pz z

z

(1) entrance of buncher

accelerate

decerate

RF field

(2) buncher

βslower

faster

(3) exit of buncher (4) after drift space

β

β

L

z

Pz
drift

accelerate

decerate

drift



5

Debye

4.1

5.1

Coulomnb

N

q

j i rij = ri − rj

j i Coulomb

F ij =
q2

4πε0

rij
r3ij

(5.1)

i Coulomb

F i =

N∑
j �=i

q2

4πε0

rij
r3ij

(5.2)

Coulomb

i F i

φs(r, t)

i

i

Coulomb

F i =
∂

∂r
φs(r, t) +

q2

4πε0

∑ rij
r3ij

(5.3)

2 i

Debey

ρ(r, t)

φs(r, t) =

∫
ρ(r, t)

4πε0|r − r′|dV (5.4)

Debye

Debye

Debye

Debye

Debye

Debey

T

(r = 0) q

φ(r)

Maxwell

n(r) = n0 exp

[
−qφ(r)

kBT

]
(5.5)

n0 = n(0)

Poisson

∇2φ(r) = − q

ε0
ni(r)− ne(r)

= − q

ε0
n0

[
exp

(
−qφ(r)

kBT

)

− exp

(
qφ(r)

kBT

)]
(5.6)

1

2 qφ(r)� kBT



1

∇2φ(r) =
q

ε0

[
2qφ(r)

kBT

]
= 2

φ(r)

λ2
D

(5.7)

λD Debye

λD =

(
ε0kBT

q2n0

)2

(5.8)

rms v̄x =

(kBT/m)1/2 ωp = (q2n/ε0m)1/2

λD =
v̄x
ωp

(5.9)

(5.7)

φ(r) =
q

4πε0

1

r
exp

(
−
√
2r

λD

)
(5.10)

r � λd 1

φ(r) =
q

4πε0

1

r
(5.11)

q

Debye

(r � λ) q

Debye

(r � λD)

42

Debye

Debye

42: Debye Debye

Debye

Debye

Debye

3.2

ẍ = ω2
p/2 = Fs/γm

(3.12)

Fs = q2nr/(2ε0γ
2)

ωp =

(
q2n

ε0γ3m

)1/2

(5.12)

Debye

λD =
v̄x
ωp

=

(
ε0mγ3v̄2x

q2n

)1/2

(5.13)

v̄x

γmv̄x
2 = kBT

v̄x = (kBT/γm)1/2

Debye

λD =

(
ε0γ

2kBT

q2n

)1/2

(5.14)

Debye

lp

λD � lp Debye

a

Debye

3

1. λD � a:

2. λD � a:

3. λD ∼ a:

1. λD � a

0 1 2 3
r/λD

φ 
(r

/ λ
D

)

Coulomb potential

Shielded potential



Debye

Maxwell-Bolzmann

6 (r,P )

2. λD � a

Debye

Hamiltonian

6 (r,P )

Liouville

5.3

(laminar beam)

rms

3.

2

6 (r,P )

λD ∼ lp Debye

43

43: λD ∼ lp

5.2

3.3

6.2

5.3

1. a b

2.

3.

4.

2.

observer

Debye length



5.

6. (∂/∂t = 0)

7. r′

ρ J

v

J = ρv (5.15)

ρL

I = ρLv (5.16)

vz � v

(r = 0) (r = a)

(r = b)

r v(r) ρ v J

Maxwell

ρ v J

r

vr � v vθ � v vz � v r

ρ0 = I/(a2πv)

0 ≤ r ≤ a

Jz = J =
I

πa2
, (5.17)

ρ = ρ0 =
I

πa2v
, (5.18)

r > a J = 0 ρ = 0

Gauss

Er(r) =
ρ0r

2ε0
=

Ir

2πε0a2v
, (r ≤ a), (5.19)

Er(r) =
ρ0a

2

2ε0r
=

I

2πε0vr
, (r > a), (5.20)

Ampere

Bθ(r) = μ0
Ir

2πa2
, (r ≤ a), (5.21)

Bθ(r) = μ0
I

2πr
, (r > a) (5.22)

(5.19) (5.20)

(r = b) (φ = 0)

φ(r) = Vs

(
1 + 2 log

b

a
− r2

a2

)
(0 ≤ r ≤ a),

(5.23)

φ(r) = 2Vs log
b

r
(a ≤ r) (5.24)

Vs =
ρ0a

2

4ε0
=

I

4πε0βc
(5.25)

r (4.9)

(γ = const.)

rθ̇ qrθ̇Bz

d

dt
(γmṙ) = mγr̈ = qEr − qżBθ (5.26)

(5.19)

Er (5.21) Bθ

mγr̈ =
qIr

2πε0a2βc
(1− β2) (5.27)

ε0μ0 = c−2 ż = v = βc

z

r̈ =
dz

dt

d

dz

(
dz

dt

dr

dz

)
= β2c2r′′ (5.28)

r′′ =
qIr

2πε0mc3β3γ3a2
(5.29)

Lasown

(generalized perveance)

K =
I

I0

2

β3γ3
=

2νB
β2γ3

=
ω2
pa

2

2β2c2
(5.30)



I0

(characteristic current)

I0 =
4πε0mc3

q
, (5.31)

νB Budker

νB =
I

I0β
, (5.32)

ωp

ω2
p =

qI

πε0mcβγ3a2
(5.33)

r

r′′ =
K

a2
r (5.34)

(5.34) a z

(r ≤ a)

(laminar flow) (5.34)

r/a

r = a

(5.34) r = a = rm

rm

r′′m = K
1

rm
(5.35)

a rms σx

σy

ρS0 rms

σ2
x =

1

ρS0
rdθ

∫ 2π

0

drx2ρS0

=
1

πa2

∫ 2π

0

cos2 θdθ

∫ a

0

r3dr

=
(a
2

)2

(5.36)

x = r cos θ σy

a =

2σx = 2σy σx = σy = σ r = σ

(5.34) rms

σ′′ =
K

4

1

σ
(5.37)

(4.38) r = rm

(4.61)

(5.35)

γ = const.

ε

ε

εn = βγε

r′′m +
γ′

γβ2
r′m +

γ′′

2γβ2
rm +

(
qB

2mcβγ

)
rm

− p2θ
m2c2γ2β2

1

r3m
− ε2n

β3γ2

1

r3m
−K

1

rm
= 0 (5.38)

rm rms

σ

σ′′ +
γ′

γβ2
σ′ +

γ′′

2γβ2
σ +

(
qB

2mcβγ

)
σ

− p2θ
m2c2γ2β2

1

σ3
− ε2n

β3γ2

1

σ3
− K

4

1

σ
= 0 (5.39)



6

5.3

6.1

Serafini Rosenzweig [26,

27]

(5.38)

σ′′ +
γ′

γβ2
σ′ +Krσ − ε2n

β3γ2

1

σ3
− I

2I0β3γ3

1

σ
= 0

(6.1)

σ r rms

Kr RF

Kr = const.

(pθ = 0)

(γ′ = 0)

2 4

σ′′ +Krσ − I(ζ)

2I0β3γ3

1

σ
= 0 (6.2)

ζ

I(ζ)

σ′′ = 0(Brillouin flow)

σeq =

√
I(ζ)

2KrI0β3γ3
(6.3)

σeq

δσ 1

σ(z, ζ) = σsq(ζ) + δσ(z) (6.4)

(6.2)

δσ

δσ′′ + 2Krδσ = 0 (6.5)

√
2Kr

Kr ζ

σ(0, ζ) = σeq(ζ) + δσ(ζ) = σ0 σ′(0, ζ) = 0

(6.5)

σ(z, ζ) = σeq(ζ) + δσ(ζ) cos(
√
2Krz), (6.6)

σ′(z, ζ) = −
√
2Krδσ(ζ) sin(

√
2Krz) (6.7)

σeq

(σ, σ′)

〈〉 (σ, σ′) rms

ε(z) =
√
〈σ2〉〈σ′2〉 − 〈σσ′〉2 (6.8)

3

I1 I2 I3

I1 < I2 < I3

(σ, σ′) = (σ0, 0)

3

σeq I(ζ)

44

σeq δσ
√
2Kr

45√
2Krz = 0, π/2, 3π/2, 2π

0

π/2

π 3π/2

DC

[28]



44: (σ, σ′)
I1 I2 I3

6.2

6.1

ERL

ERL

6.1

ERL

46 (a) (b) (a)

x′

45: √
2Krz = 0, π/2, 3π/2, 2π

46 (c)

46(c)

46(d)

ERL

I1 I2 I3

σeq2 σeq3

σ

σ’

σeq1

I1 I2 I3

σ

σ’

(2Kr)
1/2z=π/2

(2Kr)
1/2z=3π/2

(2Kr)
1/2z=0, 2π



ERL RF

7

x’

x

x

x’ x’

x

x

x’

electron bunch

projected emittance

slice 1

slice 2

z

(a) (b)

(d)(c)

46:

(a)

σ′
x (b)

(c)

(d)



7

7.1

ERL 1.3 GHz 100 mA

Q = −77 pC

N = Q/e = 4.8× 108

Coulomb

1 ∼ N2

e/m

Q

Nm

Q/Nm

Debye

[29]

1.

2.

3.

(Lienard-Wiechert )

1

(

2

Lorentz

Lorentz

Poisson

Coulomb

2

3

3 Lienard-Wiechert

3

1. HOMDYN ( 1) [30]

2. ASTRA ( 2 ) [31]

3. Parmela ( 2 3

) [32]



4. GPT ( 2 3 ) [33]

5. TREDI ( 3) [34]

6. PETAR ( 3) [35]

2

7.2

Lorentz Coulomb

Lorentz

Q

N

i j j i

ri rj

rji = ri − rj (7.1)

j

r′ji = rji +
γ2
j

γj + 1
(rji · βj)βj (7.2)

βj j γj =

1/
√
1− |βj |2 Lorentz j

Coulomb

E′
ji =

Qr′ji
4πε0|r′ji|3

(7.3)

Lorentz

Eji = γj

[
E′

ji −
γj

γj + 1
(βj ·E′

ji)βj ,

]
(7.4)

Bji =
γjβj ×E′

ji

c
(7.5)

j i

N

i

N − 1

Ei =
∑
j �=i

γj

[
E′

ji −
γj

γj + 1
(βj ·E′

ji)βj ,

]

(7.6)

Bi =
∑
j �=i

γjβj ×E′
ji

c
(7.7)

i

1

1 N(N−1)

N2

7.3



Lorentz

Poisson

Lorentz

Lorentz

Lorentz

1.

2. (ri,

ui) Lorentz

(r′i,u
′
i)

3.

ρ

4. ρ Poisson

V

5. V

E′
i

6. E′
i Lorentz

7.

β0

β0 =

∑
γiβi∑
niγi

(7.8)

i

ni

βi Lorentz γi

n = 1 N

γ0β0 Lorentz

γ0 β0

γ0β0 =
β0√
1− β2

0

, (7.9)

γ0 =

√
1 + γ2

0β
2
0 (7.10)

γ0

ri Lorentz

r′i

r′i‖ = γ0ri‖, (7.11)

r′i⊥ = ri⊥ (7.12)

r‖
r⊥

r′i = ri +
ri · γ0β0

γ0 + 1
γ0β0 (7.13)

u′
i‖ =

ui‖
(1− βu · β0)

, (7.14)

ui⊥ =
ui⊥

γ0(1− βu · β0)
(7.15)

u′ =
c

γuγ0 − γuβu · γ0β0

×[{
γuβu · γ0β0

γ0 + 1
− γu

}
γ0β0 + γuβu

]
(7.16)

βu = u/c γu = 1/(1−
β2
u)

1/2 Lorentz

γu′ = γ0γu(1− β0βu) (7.17)



Ω

(r′i,u
′
i) ρ(r′)

ρ(r′)

ρ(r′) Poisson

−∇2V =
ρ

ε0
(7.18)

Poisson

Poisson

Poisson

Ω

Ω Ω

Dirichlet (∂Ω

V = 0) Open (limr→∞ V = 0) Neumann

(∂Ω ∂V/∂r′ = 0) ∂Ω

Dirichlet

V = 0

Dirichlet

Open

Poisson

Poisson

V

E′ = −∇V (7.19)

E′ V

E′(r′i) = E′
i ri

i

E′
i Lorentz

i

Ei = γ0

[
E′

i −
γ0

γ0 + 1
(β0 ·E′

i)β0

]
(7.20)

Bi =
γ0β0 ×E′

i

c
(7.21)

Debye
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cERL

8.1

8.1.1

2.3 13

8.1.2

cERL DC

MS1 47

SL1

( )

48

MS1

10 fC

49

47: cERL 2

2

(MS1, MS2)

48:

MS1

8.1.3

50

GaAs

0.5 mm 49

Ez0 (

) ∂Ez0/∂z



49: 390

kV

( )

50:

0.9, 1.0, 1.2 mm

51

0.9 mm

0.5 mm 0.9 mm

SL1

MS1

51: 49

8.1.4

( )

cERL 532

nm

kBT GaAs 120 meV

[16] 3 ps rms

10 fC

MS1

52 SL1 MS1

(

)

1.2 mm

52

52

1.1 mm

1.02 mm

1.09 mm 1.06 mm

1.1 mm

−6 −4 −2 0 2 4 6
−20

−15

−10

−5

0

5

10

15

20

Laser offset on cathode (mm)

Po
si

tio
n 

on
 M

S1
 (

m
m

)

390 kV

Measurement, x
Measurement, y
Calculation

−6 −4 −2 0 2 4 6
−12
−10

−8
−6
−4
−2

0
2
4
6
8

10
12

Laser offset on cathode (mm)

Po
si

tio
n 

on
 M

S1
 (

m
m

)

Measurement: x
Measurement: y
Calculation: recess 0.9 mm
Calculation: recess 0.5 mm 390 kV



52:

SL1

MS1

d = 1.1 mm

1.1 mm

8.2

0.5 pC 7.38 pC

53 0.5 pC SL1

54

7.38 pC SL1

55

53: 0.5

pC SL1

0 10 20
0

1

2

3

ISL1 (A)

σ x
, σ

y 
on

 M
S1

 (
m

m
) 

kBT = 120 meV

Measurement: x
Measurement: x
Calculation: d = 1.0 mm
Calculation: d = 1.1 mm
Calculation: d = 1.2 mm

5 10 15
0

1

2

Excitation current of SL1 (A)

σ x
, σ

y 
on

 M
S1

  (
m

m
)

0.5 pC/bunch measurement x
measurement y
simulation, 0.5 pC
simulation, without SC



54: 7.38

pC SL1

55:

3 ps rms

8

8 9 10 11 12
0

1

2

3

4

Excitation current of SL1 (A)

σ x
, σ

y 
on

 M
S1

  (
m

m
)

7.38 pC/bunch measurement x
measurement y
simulation, 7.38 pC
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ERL

6

12

ERL

General Particle

Tracer (GPT)

9.1

56 500 kV DC

1

2 2

3
13 (σx, σy, σt)

1 2

3 14

1

4

[17, 36]

(Multi Objective Genetic

Algorithm, MOGA) [17]

12

13

56: ERL

2 DC

SL BC

SC 2 QM

BM

9.1.1 MOGA

MOGA

(

)

2

2

2

1 14

14



1

2 σx0

3 σy0

4 σt0

5 1

6 2

7 ( )

8 ( )

9 SC 1 )

10 SC 1 )

11 SC 2 )

12 SC 2 )

13 SC 3 )

14 SC 3 )

1: ERL

( )

(

)

50

50

50

50

MOGA

50

50

1. 50 (

)

2. 50

3. 50

4. 50

5. ( )

2. - 4.

1 50

2.

CPU MOGA

9.1.2

56

1

5

[37]

GPT [33]

3 (sc3dmesh)

( 10)

−80 pC

5 k

MOGA 57

57

tab:param

58 58



57:

50

(MOGA)

5 k

200 k

59

εnx, εny

60 61

σx, σy σz

T σE

62

MOGA

2:

Parameter Value

σx0 0.34 (mm)

σt0 17.6 (ps)

BSLA01 0.037 (T)

BSLA02 0.024 (T)

VBCA01 96.0 (kV)

Eacc,SCA01 7.6 (MV/m)

Eacc,SCA02 13.1 (MV/m)

Eacc,SCA03 15.0 (MV/m)

φSCA01 −20.9◦
φSCA02 −20.8◦
φSCA03 10.0◦

K1,QMA01 −27.4 (m−2)

K1,QMA02 −4.6 (m−2)

K1,QMA03 29.8 (m−2)

K1,QMA04 −2.7 (m−2)

K1,QMA05 −24.3 (m−2)

zSLA01 0.38 (m)

zSLA02 0.71 (m)

zBCA01 1.14 (m)

58:

0 1 2 3 4 5 [×10+5]
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Number of particlesN
or
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m
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m
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ra

d) cERL injector with rectangular magnets, −80 pC

εnx
εny



59:

εnx, εny

60:

σx, σy σz

61:

T σE

62:
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)
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6
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)

cERL injector with rectangular magnets, −80 pC, 200 k particles
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E
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y 
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(k
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Kinetic energy
σE



10

ERL

CSR

ERL

CSR

(∼ 10 MeV)

CSR

10.1

[21]

s− s0

s

s0

E0 δ = δE/E0

ρ x

x′′ = − x

ρ2
+

1

ρ
(δ0 + δSC + κ(s− s0)) (10.1)

x′′ = d2x/ds2 δSC

δ0 s = 0

κ

x ≡ (x, x′, δ0, δSC , κ) (10.2)

5

s0 → s1 1

R(s1|s0)
tx(s1) = R(s1|s0)tx(s0) (10.3)

3× 3

R =

⎛
⎜⎜⎜⎜⎜⎜⎝

R11 R12 R13 R14 R15

R21 R22 R23 R24 R25

R31 R32 R33 0 0

0 0 0 1 L

0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎠

(10.4)

L Rij(i, j = 1, 2, 3) 3× 3
14 ρ θ

R11 = cos θ R12 = ρ sin θ

R13 = ρ(1−cos θ) R14 = ρ(1−cos θ) R15 = ρ2(θ−
sin θ) R21 = −1/ρ·cos θ R22 = cos θ R23 = sin θ

R24 = sin θ R25 = ρ(1− cos θ)

( 4 )

Rij(i, j = 1, 2, 3) R14 = R15 = R24 = R25 = 0

5× 5

(ζx, ζ
′
x)

14 [38]



⎛
⎜⎜⎜⎜⎜⎜⎝

ζx(s1)

ζ ′x(s1)
0

L(s1)

1

⎞
⎟⎟⎟⎟⎟⎟⎠

= R(s1|s0)

⎛
⎜⎜⎜⎜⎜⎜⎝

ζx(s0)

ζ ′x(s0)
0

L(s0)

1

⎞
⎟⎟⎟⎟⎟⎟⎠

(10.5)

L(s) = s

(ζx, ζ
′
x)

(x, x′)

d = (κζx, κζ
′
x) (10.6)

ζxx
′ − ζ ′xx = 0

63(a)

ε2 = (ε0βx+D)2(ε0γx+D′2)−(ε0αx+DD′)2 (10.7)

(αx, βx, γx)

Courant-Snyder ε0

(D,D′)
rms

(D,D′) ≡ κrms(ζx, ζ
′
x) (10.8)

63(a)

4

ξ =
1

2
arctan

(
2αx

γx − βx

)
(10.9)

ξLSC = arctan

(
ζ ′x
ζx

)
(10.10)

63(b) ξ = ξLSC

63:

CSR

CSR

[22]

CSR

10.2 CSR

ERL

CSR Sagan [39]

[40] CSR

[41]

10.2.1 GPT/CSR

CSR 1 wake

[43]

ERL

CSR

TREDI [44] TraFic4 [45]

Lienard-Wiechert

ERL

GPT [33]

CSR GPT/CSR

GPT/CSR [42]



GPT/CSR

CSR

elegant

3

CSR

10.2.2 GPT/CSR

GPT/CSR Sagan [42] 1

CSR wake

(γ � 1)

ERL 10 MeV

GPT/CSR

CSR wake

GPT/CSR

CSR

10.2.3

GPT/CSR elegant ρ =

1.0m

σs = 0.6mm −80 pC

Gaussian 64

dε/dt 65 dσδ/dt

64 C. Mayes [46]

dε

dt
= −2

3

(remec
2)cβ4γ4

ρ2
N (1 + (N − 1)T (a)) ,

(10.11)

a = 3/2 · γ 3σs/(βρ)

T (a) =
9

32π

1

a3

(
e

1
(8a2)

√
πK5/6

(
1

8a2

)
− 2πa

)
,

(10.12)

K5/6(x) N

me re c

γ β = (1−1/γ2)1/2

elegant

[43] E0 > 40 MeV

64: CSR

65: CSR

64 GPT/CSR

65 γ � (ρ/σs)
1/3 [47,

48]

dσδ

dt
≈ 0.22

reNcβ

γρ2/3σ
4/3
s

. (10.13)

(E0 > 40MeV)

GPT/CSR elegant

(E0 → 0)

elegant

GPT/CSR 0

GPT/CSR

0 10 20 30 40 50
−8

−6

−4

−2

0

[×10+20]

Beam energy (MeV)

C
SR

 p
ow

er
,  

dε
 /d

t (
eV

/s
)

σs = 0.6 mm

GPT/CSR
elegant
Theory

0 10 20 30 40 50
0

1

2

3

4

5

[×10+5]

Beam energy (MeV)

R
M

S 
en

er
gy

 s
pr

ea
d,

  d
σ δ

 /d
t (

1/
s)

σs = 0.6 mm

GPT/CSR
elegant
Theory for γ >> (R/σs)

(1/3)



66: CSR

wake 0.3 mm

67: CSR

wake 2 cm

10.2.4 CSR wake

CSR

GPT/CSR

CSR wake

128 MeV 0.3mm

−80 pC

Gaussian 66

67

CSR wake 67

2 cm,

32 ρ = 10m

Δs = 0 m CSR

CSR wake 66

67 CSR wake

68: CSR

CSR 32

10.2.5 CSR

GPT/CSR CSR ρ = 10 m

CSR

68

1.0 mm −77 pC

32

Gaussian 68

(10.11)

10.2.6 CSR

GPT/CSR

ERL CSR

elegant

(a) p0 = 10 MeV/c (b)

p0 = 500 MeV/c CSR

30

3 4 2 B3

0

69 RMS

70 RMS

0.3 mm

−80 pC Gaussian

69 70 (a) p0 = 10 MeV/c

−1.5 −1 −0.5 0 0.5 1 1.5
−4000

−3000

−2000

−1000

0

1000
0.1 m
0.2 m
0.3 m
0.4 m
0.5 m
0.6 m
0.7 m
0.8 m
0.9 m
1.0 m

s (mm)

dε
/d

t (
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/m
)

ρ = 10 m, E0 = 128 MeV, no shielding

−1.5 −1 −0.5 0 0.5 1 1.5
−2000

−1000

0

1000

2000
0.1 m
0.2 m
0.3 m
0.4 m
0.5 m
0.6 m
0.7 m
0.8 m
0.9 m
1.0 m

s (mm)

dε
/d

t (
eV

/m
)

ρ = 10 m, E0 = 128 MeV, h = 2 cm

0 0.05 0.1 0.15 0.2
−8

−6

−4

−2

0

2

4

6

8

[×10+19]

10 MeV
20 MeV
40 MeV
80 MeV
160 MeV
1 GeV

Shield height, h (m)

C
SR

 p
ow

er
, d

ε/
dt

 (e
V

/s
)

R = 10 m, Q = −77 pC, σs = 1 mm

no shielding



69: ( 30) CSR RMS

70: ( 30) CSR

RMS

elegant GPT/CSR

elegant CSR

(b) p0 = 500 MeV/c

GPT/CSR

0

0.01

0.02

0.03

0.04

0 1 2 3
0

2

4

6

[1×10−4]

elegant
GPT/CSR

s (m)

H
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e,
  σ

x 
(m

m
)

(a) p0 = 10 MeV/c, CSR

(b) p0 = 500 MeV/c, CSR

0

2

4

[1×10−3]

0 1 2 3
0

4

8

[1×10−5]

elegant
GPT/CSR

s (m)

N
or

m
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iz
ed

 e
m
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an

ce
, ε

nx
 (

m
m

 m
ra

d)

(a) p0 = 10 MeV/c, CSR

(b) p0 = 500 MeV/c, CSR
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( )

cERL

(

)

11.1

1.

2. (1 ∼ 3 ps)

3.

3

2

1

2

71:

3 1:

(1 ) 2:

(2

) 3:

(3 )

( ) (cERL

5 + 8 )

3

1. (1

)

2.

(2 )

3.

, (3

)

71

1

3

( A)

• 1 < βx < 5 m

• 6 < βy < 18 m

• −0.3 < αx < −0.1



72: (point B)

σz = 0.59 mm

73: (point B)

• 2.5 < αy < 3.5

5 MeV

35 MeV 71

2 ( B)

3 ( C)

72 B

( )

( )

( ) 2

3 72 σz = 0.59 mm

73

2 B A 13

74: (point C)

5

A

3 C

5

74 3

C

A (8

)

75 3

76 βx, βy

1 A

2

3

1

cERL

3 3

1

11.2

cERL DC 390 keV
15 2.4

15 T = (γ − 1)mc2



75: 3

MeV

19.4 MeV

19.4 MeV

0.5 pC 162.5 MHz

80 μA CW

0.5 pC 1.3 GHz CW

0.65 mA

390 keV

∼ 2.4 MeV

4

(x, x′, y, y′) (z, δ)

6

( 10 fC)

6

76: 3

βx, βy

77: cERL

MP1 ∼ MP7 7

11.2.1

k

(Q-scan )

Q-scan α, β

ε

0

0.5

1

1.5

0 10 20
0
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1.5

Longutidilan distance from cathode, z (m)

ε n
x 

(m
m

 m
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d)
ε n

y 
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m
 m
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d)

Single−step, original layout
Two−step, original layout
Three−step, new layout

point A

1.36 mm mrad

0.42 mm mrad

0.26 mm mrad
point C

point B
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20

30

40

50

0 10 20
0
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20

30

40

50

Longutidilan distance from cathode, z (m)
β x

 (
m

)
β y

 (
m

)

Single−step, original layout
Two−step, original layout
Three−step, new layout

point A

point C

point B



78

5

1

(Q5) (k )

rms

Q5

(Q1, Q2, Q3, Q4) k

78: 5

Q5 k Δk

rms σxt, σyt

i = 1, 2, ..., n n

ki = k0 +

(
i− 1− n− 1

2

)
Δk, (11.1)

n

k0 k

T =(
σxt(k1) σyt(k1) . . . σxt(kn) σyt(kn)

)T

,

T

Q5 α, β

ε Q5

T

2 n ki

σxm, σym

M = (σxm(k1) σym(k1) . . . σxm(kn)

σym(kn) )T

ΔM = (M − T ) = (Δσxm(k1)

Δσym(k1) . . . Δσxm(kn) Δσym(kn) )T

3

Q1 k

ΔK Q5

MQ1 = (σxm,Q1(k1) σym,Q1(k1)

. . . σxm,Q1(kn) σym,Q1(kn) )T ΔK

ΔMQ1 = (MQ1 − M)

= (Δσxm,Q1(k1) Δσym,Q1(k1) . . . Δσxm,Q1(kn)

Δσym,Q1(kn) )
T Q1 ΔK

Q1 k

Q2, Q3, Q4

ΔMQ2, ΔMQ3, ΔMQ4

R =
(

ΔMQ1 ΔMQ2 ΔMQ3 ΔMQ4

)
,

(11.2)

ΔK

Q1, Q2, Q3, Q4

k (ΔKQ1 ΔKQ2 ΔKQ3 ΔKQ4 )T

R

ΔK

⎛
⎜⎜⎜⎜⎝

ΔKQ1

ΔKQ2

ΔKQ3

ΔKQ4

⎞
⎟⎟⎟⎟⎠ , (11.3)

(ΔKQ1 ΔKQ2 ΔKQ3 ΔKQ4

)T

ΔM

ΔM =
R

ΔK

⎛
⎜⎜⎜⎜⎝

ΔKQ1

ΔKQ2

ΔKQ3

ΔKQ4

⎞
⎟⎟⎟⎟⎠ , (11.4)

R R−1

ΔM Q1, Q2, Q3, Q4⎛
⎜⎜⎜⎜⎝

ΔKQ1

ΔKQ2

ΔKQ3

ΔKQ4

⎞
⎟⎟⎟⎟⎠ = ΔKR−1ΔM, (11.5)

Q5

Screen monitor

Q1 Q2 Q3 Q4 Q5
e−

To measure Q−scan response

To adjust optics



1. T

2. Q5 M

3. Q1, Q2, Q3, Q4 R

4. Q1, Q2, Q3, Q4

ΔM

cERL

k

11.2.2 cERL

cERL

cERL DC

160 mm

390 kV

79: MP1

Q5

(a) before optics matching (b) after optics matching

80: MP1

( 10 fC)

[49]

390 keV

[50] 2.4 MeV

[51]
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19.4 MeV

5

77 7 (MP)

R

(SVD )
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General Particle

Tracer (GPT) [33] 79 (a)
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3

79 (b)

80

1 5

20 MP1 2.9
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81
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3

5

cERL

19.4 MeV

81: MP2
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11.2.3

77
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12.1 Beam Break Up

(HOM BBU) [53–56]

(x �= 0)

Higher-Order

Mode, HOM

wake field

Beam Break Up, BBU

(ILC)

ERL

wake filed

100 GeV ERL

p

x = 0, x′ = 0

x �= 0,

x′ �= 0

x′ x s

px

x′ =
px
p
, (12.1)

x

wake field, V (t)

V (t)

wake field t

I(t) wake function, W (t)

V (t) =

∫ t

−∞
W (t− τ)x(τ)I(τ)dτ. (12.2)

x′(x′ � 1)

x′(t)

x′(t) =
px(t)

p
=

eV (t)

pc
. (12.3)

84

6

84:

(x, x′, y, y′, z, p/p) R

R12

x(t)

x(t) = R12x
′(t− tr). (12.4)

tr

(12.3) (12.4) x(t)

x(t) =
eR12

∫ t−tr
−∞ W (t− tr − τ)I(τ)x(τ)dτ

pc
,

(12.5)

R12 = 0

x = 0 wake field

|R12|
x

HOM BBU

V (t)

V (t)

V (t) =
eR12

∫ t

−∞ W (t− τ)I(t′)V (τ − tr)dτ

pc
.

(12.6)

V (t) ∝ eiωt

Im(ω)

V (t) Im(ω) = 0

BBU Ith

m

Ith = − 2pc

eωm

c

(
Rm

Qm

)
QmR12 sin(ωmtr)

. (12.7)

Rm Qm

m wake function

W (t) =

(
Rm

Qm

)
ω2
m

2c
e−(ωm/2Qm)t sinωmt. (12.8)



• Rm Ith

• R12 sin(ωmtr) > 0

[55]

• |R12|

• ωm tr

wake function

HOM BBU

x→ x cos θ + y sin θ, (12.9)

R12

R∗
12 = R12 cos

2 θ + (R14 +R32) sin θ cos θ

+ R34 sin
2 θ. (12.10)

R∗
12

wake function

W (t) =
∑
m

(
Rm

Qm

)
ω2
m

2c
e−(ωm/2Qm)t sinωmt,

(12.11)

100 (12.3)

p

R∗
12 tr

HOM

randomization ωm

σωm (12.8)

W (t) =

(
Rm

Qm

)
ω2
m

2c
e−(ωm/2Qm)te−σ2

ωmt2/2 sinωmt,

(12.12)

Qm

1.3GHz

|R12| ωm

tr

12.2 3 GeV ERL

[1,57–59]

HOM BBU |R12|

R i f

R12(i→ f) = γi

√
βiβf

γiγf
sinΔφ, (12.13)

Δφ

wake field

coupling HOM

2

ERL

3 GeV ERL

85

3



85: 3-GeV ERL

3 GeV 100

3 triplet

L

:

(
1 L

0 1

)
, (12.14)

K

∂B/∂

K =
e(∂B/∂x)

p
, (12.15)

:

(
cos
√
Ks 1√

K
sin
√
Ks

−√K sin
√
Ks cos

√
Ks

)
,

(12.16)

K

px p

[57] (12.4) x′

:

(
1 γi

γ′ ln
γf

γi

0 γi

γf

)
. (12.17)

′

R12

600 m

10 MeV 3 GeV

10 m

3 km RF

RF

Maxwell

RF focus : (12.18)

86: triplet

(
cosα−√2 sinα

√
8γi

γ′ sinα

− 3√
8

γ′

γf
sinα γi

γf

[
cosα+

√
2 sinα

]
)
,

α =
1√
8
ln

γf
γi

, (12.19)

[60]

triplet

triplet

86 (QF0,

QD0) (QF1,QD1) triplet

(QF0,QD0)

(QF1,QD1)

3 GeV

87

2

3 GeV

10 MeV

(12.15)

87

300 m

86

1.5 GeV 3 GeV



87: 3 GeV

triplet K

variable triplet 87 500 m

86

HOM BBU

100 mA

HOM BBU

ILC 1.3 GHz 9

10

mA ERL

ILC

cERL

cERL

HOM BBU

12.3 cERL

cERL 89

3 MeV

20 MeV

3

MeV

1:7

88

QMAG01-08

3 MeV

88:

QMAD01-04

QMAM05-08 8

QMAD01-04 4 20 MeV

3 MeV

20 MeV

QMAD QMAC01-04 QMAM01-04 8

m

QMAD01-04



89: cERL

QMAD01-04

QMAM05-08 4
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13.1

[59,61]

ERL

1

0.1

mm·mrad

Δεn ≈ 0.54μm · rad
(
16

Nb

)3 (
28m

ρ

)(
E

5GeV

)6

,

(13.1)

E ρ

Nb

E 6

3 GeV

ERL ρ = 10 m

120 Δεn

0.0002 μm·rad
cERL

ρ = 1 m

5/2

ΔσE

E
≈ 3.2 · 10−5

(
28m

ρ

)(
E

5GeV

)5/2

. (13.2)

3 GeV ERL 1 3×10−5

ERL 2 ps 1.3 GHz

RF 2×10−4

13.2

(CSR wake) [48,62]

ERL 10−4

1.3 GHz RF

90: CSR wake

91: Gaussian (13.3) I0

2 ps

1

Coherent

Synchrotron Radiation, CSR

2

108 ∼ 1010

CSR

CSR wake 90

CSR

cutoff



CSR

CSR wake HOM BBU

wake function, W ′
0(z)

dE

cdt
= Nrem0c

2

∫ z

−∞
W ′

0(z − z′)λ(z′)dz′. (13.3)

N m0 re λ(z)

W ′
0(z) z1/3

W ′
0(z) = −

2

(3ρ2)1/3
1

z1/3
∂

∂z
. (13.4)

rms σz Gaussian

λ(z)

λ(z) = (1/
√
2πσz) exp(−z2/2σ2

z), (13.5)

(13.3)

dE

cdt
= − 2Nrem0c

2

√
2π(3ρ2σ4

z)
1/3

I0

(
z

σz

)
, (13.6)

I0(x) =

∫ x

−∞

dx′

(x− x′)1/3
∂

∂x′ e
−x′2/2. (13.7)

I0 91

ΔE ΔσE

LB

ΔE = −Nrem0c
2LB

ρ2/3σ
4/3
z

24/331/6 [Γ(2/3)]
2

π
, (13.8)

ΔσE ≈ 0.22
Nrem0c

2LB

ρ2/3σ
4/3
z

. (13.9)

ΔE

ΔE N

N2

ΔE ΔσE

3 GeV ERL

cERL CSR wake

1 LB = 2πρ

(13.8) (13.9) ρ1/3

cERL ρ 1 m

92:

93:

CSR wake

transient effect (13.8) (13.9)

CSR wake

13.3 CSR wake

[63–65]

x, x′

CSR wake

δp

92

180

93

δp

δp



94:

95:

GeV ERL

3 GeV ERL 77 pC/bunch

2 ps

CSR wake

cERL

δp

φCSR φphase

94

CSR wake

cERL

1/10

13.4 TBA 3 GeV ERL

[1,53,59]

3 Gev ERL 6 m

22 30 m 6

3

Triple Bend Achromat, TBA

95 4

2

δp

92 z

R56

Δz = R56
δp

p
+R566

(
δp

p

)2

+ · · · , (13.10)

R56

R56 η

R56 =

∫
η

ρ
ds, (13.11)

ρ =∞

R56 δp z

R56

TBA 3 triplet

95 θB

ρB

TBA

η′ = 0 TBA

ηc R56

ηc =
ρB

sin θB
(R56 − 2θB + 2 sin θB). (13.12)

2 3

Triplet

Focus-Defocus-Focus R56

Defocus-Focus-Defocus

K

2

β0 s

β(s) = β0 +
s2

β0
, (13.13)

6 m β0

= 3 m 96 3 GeV

ERL



96: 3-GeV ERL

13.5 cERL

[66]

cERL 45

TBA 180

97 ρ

=1 m

2

triplet DFD

1 %

BPM

98

cERL

ηc 0.24 m

99

97: cERL

98: cERL

αx = αy = 0

CSR wake

βx = βy = 5 m

Q scan



99: cERL
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14.1 [61]

ERL

GeV

ERL 10 MeV

20 %

ΔE ∼ 2 MeV

CSR wake

100 keV

cERL 100

4

10−3

14.2 [66]

cERL

BPM

1 μs

100 m

2 0.3 μs

101 2

QMAM05-08

89 12.3

100:

1.3 GHz cERL

2

4

2

102 102 (b)

45

ERL

100 pA

BMAD01

103 BMAD01

102

(b) 104



101: BPM

102: (a)

(b) cERL

103:

104:
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[53,62,67]

ERL 100 fs

CSR wake

105

φRF

E z

E(z) = E0 cos(kRF z + φRF ), (15.1)

kRF 1.3 GHz

fRF kRF = 2πfRF /c

(15.1) z (13.10)

kRF sinφRF =
1

R56
, (15.2)

R56 φRF

σf
δp/p

σf
z

σf
z ∼ R56σ

i
δp/p, (15.3)

R56

φRF

cERL

R56 = 0.1 ∼ 0.2 m

100 fs δp/p

10−4

1.3 GHz RF δp/p z

108

(13.10) R566

108

105:

2

R56

107 (a)

2 φRF

cERL

RF

107 (b)

106



106:

107:

108: 6
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