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traveling-wave type

standing-wave type

*1

β = v/c 1

1 β

J-PARC Japan Proton

Accelerator Research Complex

*1 vp c

ve ≈ c

• RFQ Radio-Frequency Quadrupole *2

• DTL Drift Tube Linac *3

• ACS Annular-ring Coupled Structure *4

*5 400MeV

*2

*3

*4 π/2
*5 H−
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1.1

4

∇× E⃗ = −∂B⃗

∂t
(1.1)

∇× H⃗ = i⃗+
∂D⃗

∂t
(1.2)

∇ · D⃗ = ρ (1.3)

∇ · B⃗ = 0 (1.4)

Maxwell’s

equations *6

E⃗ Electric field intensity

H⃗ Magnetic field intensity

D⃗ Electric flux density

B⃗ Magnetic flux density

i⃗ Electric current density

ρ Electric charge density

ε Permittivity of the dielectric

µ Permeability of the material

σ Electrical conductivity

D⃗ = εE⃗ (1.5)

B⃗ = µH⃗ (1.6)

i⃗ = σE⃗ (1.7)

c ε0

ε0 = 8.854× 10−12 [F/m]

µ0

µ0 = 4π × 10−7 [H/m]

*6 (1.2), (1.3) ∇·(∇×A⃗) = 0

∇ · i⃗+
∂ρ

∂t
= 0

c =
1

√
ε0µ0

= 2.99792458× 108 [m/s]

i⃗ = 0 ρ = 0

(1.1)

(1.2)

∇× E⃗ = −µ0
∂H⃗

∂t
(1.8)

∇× H⃗ = ε0
∂E⃗

∂t
(1.9)

t

∇×∇× A⃗ = ∇(∇ · A⃗)−∇2A⃗

∇2

(
E⃗

H⃗

)
− ε0µ0

∂2

∂t2

(
E⃗

H⃗

)
= 0 (1.10)

ω E⃗, H⃗ ∝ ejωt

(1.10)

∇2

(
E⃗

H⃗

)
+ ω2ε0µ0

(
E⃗

H⃗

)
= 0 (1.11)

1.2

+z

(1.11)

d2

dz2

(
E⃗

H⃗

)
+ ω2ε0µ0

(
E⃗

H⃗

)
= 0 (1.12)

+z

k0 = ω
√
ε0µ0

(
E⃗

H⃗

)
=

(
E⃗0

H⃗0

)
ej(ωt−k0z) (1.13)

Ex = E0xe
j(ωt−k0z), Hx = H0xe

j(ωt−k0z)

Ey = E0ye
j(ωt−k0z), Hy = H0ye

j(ωt−k0z)

Ez = E0ze
j(ωt−k0z), Hz = H0ze

j(ωt−k0z)

(1.14)
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(1.8), (1.9)

√
ε0E0x =

√
µ0H0y

−
√
ε0E0y =

√
µ0H0x

E0z = 0, H0z = 0

(1.15)

1.

TEM Transverse electromagnetic waves

2. E⃗ · H⃗ = 0

Ex

Hy
= −Ey

Hx
=

√
µ0

ε0
= Z0 (1.16)

Z0 Charac-

teristic impedance

Z0 = 376.7 [Ohm] ≈ 120π [Ohm]

3.

Poynting vector

S⃗ = E⃗ × H⃗ (1.17)

vp

vp =
ω

k0
=

1
√
ε0µ0

= c (1.18)

c

1.3

ue

ue =
1

2
εE⃗ · E⃗ (1.19)

V Ue

Ue =

∫∫∫

V

1

2
εE⃗ · E⃗ dV (1.20)

um

um =
1

2
µH⃗ · H⃗ (1.21)

V Um

Um =

∫∫∫

V

1

2
µH⃗ · H⃗ dV (1.22)

(1.17)

∇ · S⃗ = ∇ · (E⃗ × H⃗) (1.23)

∇ · (A⃗× B⃗) = B⃗ · (∇× A⃗)− A⃗ · (∇× B⃗)

(1.1), (1.2)

∇ · S⃗ = −µH⃗ · ∂H⃗
∂t

− E⃗ · i⃗− εE⃗ · ∂E⃗
∂t

= − ∂

∂t

(
1

2
εE⃗ · E⃗ +

1

2
µH⃗ · H⃗

)
− E⃗ · i⃗

= − ∂

∂t
(ue + um)− E⃗ · i⃗ (1.24)

V S′

∫∫∫

V

∇ · S⃗ dV =

∫∫

S′
S⃗ · n⃗ dS′ (1.25)

n⃗

− ∂

∂t

∫∫∫

V

(ue + um) dV −
∫∫∫

V

E⃗ · i⃗ dV

= − ∂

∂t
(Ue + Um)−

∫∫∫

V

E⃗ · i⃗ dV (1.26)

− ∂

∂t
(Ue + Um)

=

∫∫∫

V

E⃗ · i⃗ dV +

∫∫

S′
S⃗ · n⃗ dS′ (1.27)

×
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ω

(
E⃗

H⃗

)
=

(
E⃗0

H⃗0

)
ejωt (1.28)

ue we

we =
1

4
εE⃗ · E⃗∗ (1.29)

um wm

wm =
1

4
µH⃗ · H⃗∗ (1.30)

*7 ∗

z

Re{z} = x Im{z} = y

z = x+ jy

z∗ = x− jy
(1.31)

S⃗⟨
S⃗
⟩

⟨
S⃗
⟩
=

1

2
Re{E⃗ × H⃗∗} (1.32)

*7 E⃗, H⃗


Ex

Ey

Ez


 =



E0xejωt

E0yejωt

E0zejωt


 =



|E0x|ejθexejωt

|E0y |ejθeyejωt

|E0z |ejθez ejωt






Hx

Hy

Hz


 =



H0xejωt

H0yejωt

H0zejωt


 =



|H0x|ejθmxejωt

|H0y |ejθmy ejωt

|H0z |ejθmz ejωt




ue

ue =
1

2
ε
(
(Re{Ex})2 + (Re{Ey})2 + (Re{Ez})2

)

=
1

2
ε
(
|E0x|2 cos2(ωt+ θex)

+ |E0y |2 cos2(ωt+ θey)

+ |E0z |2 cos2(ωt+ θez)
)

ue we

we =
1

2
ε

(
1

2
|E0x|2 +

1

2
|E0y |2 +

1

2
|E0z |2

)

=
1

4
εE⃗ · E⃗∗

um wm

wm =
1

2
µ

(
1

2
|H0x|2 +

1

2
|H0y |2 +

1

2
|H0z |2

)

=
1

4
µH⃗ · H⃗∗

*8

Re{E⃗ × H⃗∗} =
1

2
{(E⃗ × H⃗∗) + (E⃗∗ × H⃗)}

(1.33)

⟨
S⃗
⟩

∇ ·
⟨
S⃗
⟩
=

1

4
{∇ · (E⃗ × H⃗∗) +∇ · (E⃗∗ × H⃗)}

= −1

4
ε

(
E⃗∗ · ∂E⃗

∂t
+ E⃗ · ∂E⃗

∗

∂t

)

− 1

4
µ

(
H⃗∗ · ∂H⃗

∂t
+ H⃗ · ∂H⃗

∗

∂t

)

− 1

4
σ(E⃗∗ · E⃗ + E⃗ · E⃗∗)

= − ∂

∂t

(
1

4
εE⃗ · E⃗∗ +

1

4
µH⃗ · H⃗∗

)

− 1

2
σE⃗ · E⃗∗

= − ∂

∂t
(we + wm)−

⟨
E⃗ · i⃗

⟩
(1.34)

V S′

*8 S⃗ x Sx

Sx = Re{Ey}Re{Hz} − Re{Ez}Re{Hy}
= |E0y ||H0z | cos(ωt+ θey) cos(ωt+ θmz)

− |E0z ||H0y | cos(ωt+ θez) cos(ωt+ θmy)

=
1

2
|E0y ||H0z |{cos(2ωt+ θey + θmz)

+ cos(θey − θmz)}

−
1

2
|E0z ||H0y |{cos(2ωt+ θez + θmy)

+ cos(θez − θmy)}

Sx
⟨
Sx

⟩

⟨
Sx

⟩
=

1

2
{|E0y ||H0z | cos(θey − θmz)

− |E0z ||H0y | cos(θez − θmy)}

=
1

2
(Re{EyH

∗
z } − Re{EzH

∗
y})

=
1

2
Re{(E⃗ × H⃗∗)x}

S⃗
⟨
S⃗
⟩

⟨
S⃗
⟩
=

1

2
Re{E⃗ × H⃗∗}
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∂t

(
1

4
εE⃗ · E⃗∗ +

1

4
µH⃗ · H⃗∗
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− 1

2
σE⃗ · E⃗∗
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(we + wm)−
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V S′
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= |E0y ||H0z | cos(ωt+ θey) cos(ωt+ θmz)
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=
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−
1
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Sx
⟨
Sx

⟩

⟨
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⟩
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1

2
{|E0y ||H0z | cos(θey − θmz)

− |E0z ||H0y | cos(θez − θmy)}

=
1

2
(Re{EyH

∗
z } − Re{EzH

∗
y})

=
1

2
Re{(E⃗ × H⃗∗)x}

S⃗
⟨
S⃗
⟩

⟨
S⃗
⟩
=

1

2
Re{E⃗ × H⃗∗}

− ∂

∂t
(We +Wm)

=

∫∫∫

V

⟨
E⃗ · i⃗

⟩
dV +

∫∫

S′

⟨
S⃗
⟩
· n⃗ dS′

(1.35)

(1.27)

+z

u = ue + um

Sz

Sz = cu (1.36)

w = we +

wm⟨
Sz

⟩
⟨
Sz

⟩
= cw (1.37)

c

1.4

+z

σ ̸= 0 (1.1) (1.2)

t ∇×∇×A⃗ =

∇(∇ · A⃗)−∇2A⃗

∇(∇ · E⃗)−∇2E⃗ = (ω2εµ− jωσµ)E⃗

∇(∇ · H⃗)−∇2H⃗ = (ω2εµ− jωσµ)H⃗
(1.38)

E⃗, H⃗

∇ · E⃗ = ∇ · H⃗ = 0 x

y

d2

dz2

(
Ex

Hy

)
+ (ω2εµ− jωσµ)

(
Ex

Hy

)
= 0 (1.39)

n = β − jα

ω2εµ− jωσµ = n2 = (β − jα)2 (1.40)

(
Ex

Hy

)
=

(
E0x

H0y

)
ej(ωt−nz)

=

(
E0x

H0y

)
e−αz · ej(ωt−βz) (1.41)

e−αz

(1.40) α β

α2 =
1

2
ω2εµ

(√
σ2

ω2ε2
+ 1− 1

)
(1.42)

β2 =
1

2
ω2εµ

(√
σ2

ω2ε2
+ 1 + 1

)
(1.43)

Z (1.41) (1.1)

Z =
Ex

Hy
=

ωµ

α2 + β2
(β + jα) (1.44)

θ = tan−1(α/β)

σ θ

2 σ = 0 α = 0,

β = ω
√
ε0µ0 = k0

σ

45

2

σ ≃ 107 [S/m] ε ≃ ε0

σ/ωε ≃ 1018/ω ω

σ/ωε ≫ 1
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(1.42), (1.43)

α = β =

√
ωµσ

2
=

1

δ
(1.45)

(
Ex

Hy

)
=

(
E0x

H0y

)
e−z/δ · ej(ωt−z/δ) (1.46)

δ =

√
2

ωµσ
(1.47)

Skin depth

σ δ

e−z/δ

Skin effect

z = δ z = 0

e−1 σ = 5.8× 107

σ = 4.0 × 107 f

δ 3

3

+z

x y

Z (1.45) (1.44)

Z =
Ex

Hy
= (1 + j)

√
ωµ

2σ
= (1 + j)Rs (1.48)

Rs =

√
ωµ

2σ
=

1

δσ
(1.49)

skin resistance ⟨
Sz

⟩

⟨
Sz

⟩
=

1

2
Re{ExH

∗
y}

=
1

2
Re{(1 + j)RsHyH

∗
y}

=
1

2
RsHyH

∗
y (1.50)

1.5

4

4 2 AB,

CD ABCD

AB, CD ∆l BC,

DA ∆d

t⃗ n⃗

u⃗ u⃗ = t⃗× n⃗

ABCD E⃗

ABCD

t⃗′ (1.1)

�

ABCD

E⃗ · t⃗′ ds =
∫∫

S

(∇× E⃗) · u⃗ dS

= − ∂

∂t

∫∫

S

B⃗ · u⃗ dS

= −∂Φ

∂t
(1.51)

Φ ABCD

Et1, Et2 1, 2

∆d BC, DA

(1.51)

−Et1∆l + Et2∆l = 0 (1.52)
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1.5
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= − ∂
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∫∫

S
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= −∂Φ

∂t
(1.51)

Φ ABCD

Et1, Et2 1, 2

∆d BC, DA

(1.51)

−Et1∆l + Et2∆l = 0 (1.52)

Et1 = Et2 (1.53)

1 2

σ = ∞
0

Et2 = 0

Et1 = 0 (1.54)

4 ABCD H⃗

(1.2)

�

ABCD

H⃗ · t⃗′ ds =
∫∫

S

(∇× H⃗) · u⃗ dS

=

∫∫

S

i⃗ · u⃗ dS +
∂

∂t

∫∫

S

D⃗ · u⃗ dS

(1.55)

Ht1, Ht2 1, 2

∆d BC,

DA (1.55)

−Ht1∆l +Ht2∆l = 0 (1.56)

Ht1 = Ht2 (1.57)

1 2

σ = ∞
(1.55)

∫∫

S

i⃗ · u⃗ dS = σE⃗ · u⃗∆l∆d (1.58)

∆d → 0 0

i⃗s = i⃗∆d 1.55

−Ht1∆l +Ht2∆l = i⃗s · u⃗∆l (1.59)

0 Ht2 = 0

Ht1 = i⃗s · (−u⃗) (1.60)

n⃗×H⃗1 |Ht1|

5

5

∆S

∆d V

S′ D⃗

∫∫∫

V

∇ · D⃗ dV =

∫∫

S′
D⃗ · n⃗′dS′ (1.61)

n⃗′

(1.3)

∫∫∫

V

ρ dV =

∫∫

S′
D⃗ · n⃗′dS′ (1.62)

∆d

ρ∆S∆d = Dn1∆S −Dn2∆S (1.63)

ρs = ρ∆d

Dn1 −Dn2 = ρs (1.64)
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1 2

σ = ∞
0

Dn2 = 0

Dn1 = ρs (1.65)

5 V S′

B⃗

∫∫∫

V

∇ · B⃗ dV =

∫∫

S′
B⃗ · n⃗′dS′ (1.66)

(1.4)

0 =

∫∫

S′
B⃗ · n⃗′dS′ (1.67)

∆d

0 = Bn1∆S −Bn2∆S (1.68)

Bn1 = Bn2 (1.69)

1 2

σ = ∞
0

Bn2 = 0

Bn1 = 0 (1.70)

2

2.1 TE TM

+z

ejωt−γz = e−αzej(ωt−βz) (2.1)

propagation constant γ attenu-

ation constant α phase constant

β

γ = α+ jβ (2.2)

α = 0

E⃗(x, y, z, t) H⃗(x, y, z, t)

(
E⃗(x, y, z, t)

H⃗(x, y, z, t)

)
=

(
E⃗0(x, y)

H⃗0(x, y)

)
ej(ωt−βz) (2.3)

(1.8), (1.9)

∂E0z

∂y
− ∂E0y

∂z
= −jωµ0H0x (2.4)

∂E0x

∂z
− ∂E0z

∂x
= −jωµ0H0y (2.5)

∂E0y

∂x
− ∂E0x

∂y
= −jωµ0H0z (2.6)

∂H0z

∂y
− ∂H0y

∂z
= jωε0E0x (2.7)

∂H0x

∂z
− ∂H0z

∂x
= jωε0E0y (2.8)

∂H0y

∂x
− ∂H0x

∂y
= jωε0E0z (2.9)

∂/∂z = −jβ

(2.4), (2.5), (2.7), (2.8)

E0x, E0y, H0x, H0y

E0x =
−j

k2c

(
ωµ0

∂H0z

∂y
+ β

∂E0z

∂x

)
(2.10)

E0y =
+j

k2c

(
ωµ0

∂H0z

∂x
− β

∂E0z

∂y

)
(2.11)

H0x =
+j

k2c

(
ωε0

∂E0z

∂y
− β

∂H0z

∂x

)
(2.12)

H0y =
−j

k2c

(
ωε0

∂E0z

∂x
+ β

∂H0z

∂y

)
(2.13)
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1 2

σ = ∞
0

Dn2 = 0

Dn1 = ρs (1.65)

5 V S′

B⃗

∫∫∫

V

∇ · B⃗ dV =

∫∫

S′
B⃗ · n⃗′dS′ (1.66)

(1.4)

0 =

∫∫

S′
B⃗ · n⃗′dS′ (1.67)

∆d

0 = Bn1∆S −Bn2∆S (1.68)

Bn1 = Bn2 (1.69)

1 2

σ = ∞
0

Bn2 = 0

Bn1 = 0 (1.70)

2

2.1 TE TM

+z

ejωt−γz = e−αzej(ωt−βz) (2.1)

propagation constant γ attenu-

ation constant α phase constant

β

γ = α+ jβ (2.2)

α = 0

E⃗(x, y, z, t) H⃗(x, y, z, t)

(
E⃗(x, y, z, t)

H⃗(x, y, z, t)

)
=

(
E⃗0(x, y)

H⃗0(x, y)

)
ej(ωt−βz) (2.3)

(1.8), (1.9)

∂E0z

∂y
− ∂E0y

∂z
= −jωµ0H0x (2.4)

∂E0x

∂z
− ∂E0z

∂x
= −jωµ0H0y (2.5)

∂E0y

∂x
− ∂E0x

∂y
= −jωµ0H0z (2.6)

∂H0z

∂y
− ∂H0y

∂z
= jωε0E0x (2.7)

∂H0x

∂z
− ∂H0z

∂x
= jωε0E0y (2.8)

∂H0y

∂x
− ∂H0x

∂y
= jωε0E0z (2.9)

∂/∂z = −jβ

(2.4), (2.5), (2.7), (2.8)

E0x, E0y, H0x, H0y

E0x =
−j

k2c

(
ωµ0

∂H0z

∂y
+ β

∂E0z

∂x

)
(2.10)

E0y =
+j

k2c

(
ωµ0

∂H0z

∂x
− β

∂E0z

∂y

)
(2.11)

H0x =
+j

k2c

(
ωε0

∂E0z

∂y
− β

∂H0z

∂x

)
(2.12)

H0y =
−j

k2c

(
ωε0

∂E0z

∂x
+ β

∂H0z

∂y

)
(2.13)

k2c = ω2ε0µ0 − β2 (2.14)

(2.10) (2.13)

Ez =

Hz = 0 Ex, Ey, Hx, Hy

Ez, Hz 0

Ez = 0, Hz ̸= 0 TE Transverse

electric waves Ez ̸= 0, Hz = 0 TM

Transverse magnetic waves

2.2

6

(2.3) (1.11)

(2.14) kc
(

∂2

∂x2
+

∂2

∂y2

)(
E⃗0

H⃗0

)
+ k2c

(
E⃗0

H⃗0

)
= 0 (2.15)

TE Ez = 0 TM

Hz = 0

TE

TE Ez = 0 H0z(x, y)

H0z(x, y) = X(x)Y (y) (2.16)

(2.15)

1

X

d2X

dx2
+

1

Y

d2Y

dy2
+ k2c = 0 (2.17)

k2c = k2x + k2y (2.18)

X(x) = cos(kxx+ θx) (2.19)

Y (y) = cos(kyy + θy) (2.20)

H0z(x, y)

H0z = cos(kxx+ θx) cos(kyy + θy) (2.21)

(2.10) (2.13)

E0x, E0y, H0x, H0y

Ex, Ey

E0y(x = 0, y) = E0y(x = a, y) = 0 (2.22)

E0x(x, y = 0) = E0x(x, y = b) = 0 (2.23)

θx = θy = 0 (2.24)

kx =
mπ

a
(m = 0, 1, 2, ...) (2.25)

ky =
nπ

b
(n = 0, 1, 2, ...) (2.26)

TE

E0x =
jωµ0ky

k2c
cos(kxx) sin(kyy) (2.27)

E0y =
−jωµ0kx

k2c
sin(kxx) cos(kyy) (2.28)

E0z = 0 (2.29)

H0x =
jβkx
k2c

sin(kxx) cos(kyy) (2.30)

H0y =
jβky
k2c

cos(kxx) sin(kyy) (2.31)

H0z = cos(kxx) cos(kyy) (2.32)

m = 1, n = 0

TE10

TM

TM Hz = 0 E0z(x, y)

TE H0z(x, y)

E0z(x, y) = X(x)Y (y) (2.33)
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7 TE

[11]

E0z = sin(kxx+ θx) sin(kyy + θy) (2.34)

k2c = k2x + k2y (2.35)

(2.34) (2.10) (2.13)

E0x, E0y, H0x, H0y

(2.22), (2.23)

θx = θy = 0 (2.36)

kx =
mπ

a
(m = 0, 1, 2, ...) (2.37)

ky =
nπ

b
(n = 0, 1, 2, ...) (2.38)

TM

E0x =
−jβkx
k2c

cos(kxx) sin(kyy) (2.39)

E0y =
−jβky
k2c

sin(kxx) cos(kyy) (2.40)

E0z = sin(kxx) sin(kyy) (2.41)

H0x =
jωε0ky

k2c
sin(kxx) cos(kyy) (2.42)

H0y =
−jωε0kx

k2c
cos(kxx) sin(kyy) (2.43)

H0z = 0 (2.44)

m = 1, n = 1

TM11

8 TM

[11]
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7 TE

[11]

E0z = sin(kxx+ θx) sin(kyy + θy) (2.34)

k2c = k2x + k2y (2.35)

(2.34) (2.10) (2.13)

E0x, E0y, H0x, H0y

(2.22), (2.23)

θx = θy = 0 (2.36)

kx =
mπ

a
(m = 0, 1, 2, ...) (2.37)

ky =
nπ

b
(n = 0, 1, 2, ...) (2.38)

TM

E0x =
−jβkx
k2c

cos(kxx) sin(kyy) (2.39)

E0y =
−jβky
k2c

sin(kxx) cos(kyy) (2.40)

E0z = sin(kxx) sin(kyy) (2.41)

H0x =
jωε0ky

k2c
sin(kxx) cos(kyy) (2.42)

H0y =
−jωε0kx

k2c
cos(kxx) sin(kyy) (2.43)

H0z = 0 (2.44)

m = 1, n = 1

TM11

8 TM

[11]

9 waveguide 2

2.3

(2.15)

x = r cosϕ (2.45)

y = r sinϕ (2.46)

z = z (2.47)

(
1

r

∂

∂r

(
r
∂

∂r

)
+

1

r2
∂2

∂ϕ2

)(
E⃗0

H⃗0

)
+ k2c

(
E⃗0

H⃗0

)
= 0

(2.48)

*9

TM

TM Hz = 0 E0z(r, ϕ)

E0z(r, ϕ) = R(r)Φ(ϕ) (2.49)

(2.48) m2

d2R

dr2
+

1

r

dR

dr
+

(
k2c −

m2

r2

)
R = 0 (2.50)

d2Φ

dϕ2
+m2Φ = 0 (2.51)

*9 r =
√

x2 + y2, ϕ = tan−1(y/x)

∂

∂x
= cosϕ

∂

∂r
−

sinϕ

r

∂

∂ϕ

∂

∂y
= sinϕ

∂

∂r
+

cosϕ

r

∂

∂ϕ

∂2

∂x2
+

∂2

∂y2
=

1

r

∂

∂r

(
r
∂

∂r

)
+

1

r2
∂2

∂ϕ2

(2.51)

Φ(ϕ) = cos(mϕ) (2.52)

Φ(ϕ) = Φ(ϕ + 2π)

m

(2.50)

d2R

d(kcr)2
+

1

kcr

dR

d(kcr)
+

(
1− m2

(kcr)2

)
R = 0

(2.53)

m

Jm(x)

R(r) = Jm(kcr) (2.54)

*10 10 y = Jm(x)

*11 E0z

E0z(r, ϕ) = Jm(kcr) cos(mϕ) (2.55)

(2.10) (2.13)

E0r, E0ϕ, H0r, H0ϕ

10 J0(x), J1(x), J2(x)

*10

y′′ +
1

x
y′ +

(
1−

ν2

x2

)
y = 0

Jν(x) Yν(x)

y = C1Jν(x) + C2Yν(x)

x → 0 Yν(x) → −∞
C2 = 0

*11 Jm(x) m

2π

1/
√
x
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*12

Eϕ

E0ϕ(r = a, ϕ) = 0 (2.56)

Jm(kca) = 0 (2.57)

(2.57)

kca = ρmn

kc =
ρmn

a
(2.58)

1 ρmn

1 Jm(x) = 0 x = ρmn

n = 1 n = 2 n = 3

m = 0 2.405 5.520 8.654

m = 1 3.832 7.016 10.173

m = 2 5.136 8.417 11.620

TM

E0r =
−jβ

kc
J ′
m(kcr) cos(mϕ) (2.59)

E0ϕ =
jβm

k2c

Jm(kcr)

r
sin(mϕ) (2.60)

E0z = Jm(kcr) cos(mϕ) (2.61)

H0r =
−jωε0m

k2c

Jm(kcr)

r
sin(mϕ) (2.62)

H0ϕ =
−jωε0
kc

J ′
m(kcr) cos(mϕ) (2.63)

H0z = 0 (2.64)

m = 0, n = 1

TM01

*12 V⃗

Vr = Vx cosϕ+ Vy sinϕ

Vϕ = −Vx sinϕ+ Vy cosϕ

11 TM

[11]

TE

TE Ez = 0 H0z(r, ϕ)

TM E0z(r, ϕ)

H0z(r, ϕ) = R(r)Φ(ϕ) (2.65)

H0z(r, ϕ) = Jm(kcr) cos(mϕ) (2.66)

(2.10)

(2.13) E0r, E0ϕ, H0r, H0ϕ

E0ϕ(r, ϕ)

E0ϕ(r, ϕ) =
jωµ0

kc
J ′
m(kcr) cos(mϕ) (2.67)

(2.56)

J ′
m(kca) = 0 (2.68)

(2.68)

kca = ρ′mn

kc =
ρ′mn

a
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*12

Eϕ

E0ϕ(r = a, ϕ) = 0 (2.56)

Jm(kca) = 0 (2.57)

(2.57)

kca = ρmn

kc =
ρmn

a
(2.58)

1 ρmn

1 Jm(x) = 0 x = ρmn

n = 1 n = 2 n = 3

m = 0 2.405 5.520 8.654

m = 1 3.832 7.016 10.173

m = 2 5.136 8.417 11.620

TM

E0r =
−jβ

kc
J ′
m(kcr) cos(mϕ) (2.59)

E0ϕ =
jβm

k2c

Jm(kcr)

r
sin(mϕ) (2.60)

E0z = Jm(kcr) cos(mϕ) (2.61)

H0r =
−jωε0m

k2c

Jm(kcr)

r
sin(mϕ) (2.62)

H0ϕ =
−jωε0
kc

J ′
m(kcr) cos(mϕ) (2.63)

H0z = 0 (2.64)

m = 0, n = 1

TM01

*12 V⃗

Vr = Vx cosϕ+ Vy sinϕ

Vϕ = −Vx sinϕ+ Vy cosϕ

11 TM

[11]

TE

TE Ez = 0 H0z(r, ϕ)

TM E0z(r, ϕ)

H0z(r, ϕ) = R(r)Φ(ϕ) (2.65)

H0z(r, ϕ) = Jm(kcr) cos(mϕ) (2.66)

(2.10)

(2.13) E0r, E0ϕ, H0r, H0ϕ

E0ϕ(r, ϕ)

E0ϕ(r, ϕ) =
jωµ0

kc
J ′
m(kcr) cos(mϕ) (2.67)

(2.56)

J ′
m(kca) = 0 (2.68)

(2.68)

kca = ρ′mn

kc =
ρ′mn

a

2 ρ′mn

2 J ′
m(x) = 0 x = ρ′mn

n = 1 n = 2 n = 3

m = 0 3.832 7.016 10.173

m = 1 1.841 5.331 8.536

m = 2 3.054 6.706 9.969

TE

E0r =
jωµ0m

k2c

Jm(kcr)

r
sin(mϕ) (2.69)

E0ϕ =
jωµ0

kc
J ′
m(kcr) cos(mϕ) (2.70)

E0z = 0 (2.71)

H0r =
−jβ

kc
J ′
m(kcr) cos(mϕ) (2.72)

H0ϕ =
jβm

k2c

Jm(kcr)

r
sin(mϕ) (2.73)

H0z = Jm(kcr) cos(mϕ) (2.74)

m = 0, n = 1

TE01

2.4

β = 0 ω = ωc

(2.14)

ωc =
kc√
ε0µ0

= ckc (2.75)

cutoff angular fre-

quency

cutoff wavelength λc

cutoff frequency fc = ωc/2π

λc =
c

fc
=

2π

kc
(2.76)

guide wavelength λg

12 TE

[11]

β

λg =
2π

β
(2.77)

(2.14)

(
2π

λc

)2

=

(
2π

λ

)2

−
(
2π

λg

)2

(2.78)

1

λ2
=

1

λ2
c

+
1

λ2
g

(2.79)

λg

λg =
λ√

1− (λ/λc)2
(2.80)

phase velocity vp β

vp =
ω

β
(2.81)

vp = fλg =
c√

1− (λ/λc)2
(2.82)
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TEm0

n = 0

kc =

√(mπ

a

)2

+
(nπ

b

)2

=
mπ

a
(2.83)

ej(ωt−βz)

E0y = −jωµ0a

mπ
sin

(mπ

a
x
)

(2.84)

H0x =
jβa

mπ
sin

(mπ

a
x
)

(2.85)

H0z = cos
(mπ

a
x
)

(2.86)

E0x = Ez = Hy = 0 (2.87)

y

x m′ = 1, 2, ...,m

x = a(2m′ − 1)/(2m)

λc

λc =
2π

kc
=

2a

m
(2.88)

λg

λg =
λ√

1−
(
mλ
2a

)2 (2.89)

13 13

AC

C CF C

C

0

C C’

C’B

13 TEm0

C’D

B

C D

BC CD

s B D

2π
s

λ
+ π + 2π

s

λ
= π + 2πm (2.90)

C

θ

sin θ =
s

C′C
=

mλ

2a
(2.91)

λg

mλg

2
cos θ = s =

mλ

2
(2.92)

λg =
λ

cos θ
=

λ√
1−

(
mλ
2a

)2 (2.93)

(2.80)

13

+z v′

v′ = c cos θ (2.94)

vp

vp cos θ = c (2.95)

ω → ωc vp

θ → π/2

(2.94), (2.95) v′ vp

v′vp = c2 (2.96)
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TEm0

n = 0

kc =

√(mπ

a

)2

+
(nπ

b

)2

=
mπ

a
(2.83)

ej(ωt−βz)

E0y = −jωµ0a

mπ
sin

(mπ

a
x
)

(2.84)

H0x =
jβa

mπ
sin

(mπ

a
x
)

(2.85)

H0z = cos
(mπ

a
x
)

(2.86)

E0x = Ez = Hy = 0 (2.87)

y

x m′ = 1, 2, ...,m

x = a(2m′ − 1)/(2m)

λc

λc =
2π

kc
=

2a

m
(2.88)

λg

λg =
λ√

1−
(
mλ
2a

)2 (2.89)

13 13

AC

C CF C

C

0

C C’

C’B

13 TEm0

C’D

B

C D

BC CD

s B D

2π
s

λ
+ π + 2π

s

λ
= π + 2πm (2.90)

C

θ

sin θ =
s

C′C
=

mλ

2a
(2.91)

λg

mλg

2
cos θ = s =

mλ

2
(2.92)

λg =
λ

cos θ
=

λ√
1−

(
mλ
2a

)2 (2.93)

(2.80)

13

+z v′

v′ = c cos θ (2.94)

vp

vp cos θ = c (2.95)

ω → ωc vp

θ → π/2

(2.94), (2.95) v′ vp

v′vp = c2 (2.96)

P

(1.32) ⟨
S⃗
⟩

S′

P =

∫∫

S′

⟨
S⃗
⟩
· n⃗ dS′

=
1

2

∫ b

0

∫ a

0

Re{(E⃗ × H⃗∗)z} dxdy

=
1

2

∫ b

0

∫ a

0

Re{−EyH
∗
x} dxdy

=
βωµa2

2m2π2

∫ b

0

∫ a

0

sin2
(mπ

a
x
)
dxdy

=
βωµa3b

4m2π2
(2.97)

We (1.29)

We =
ε

4

∫ b

0

∫ a

0

E⃗ · E⃗∗ dxdy

=
ω2εµ2a2

4m2π2

∫ b

0

∫ a

0

sin2
(mπ

a
x
)
dxdy

=
ω2εµ2a3b

8m2π2
(2.98)

Wm (1.30)

Wm =
µ

4

∫ b

0

∫ a

0

H⃗ · H⃗∗ dxdy

=
µ

4

∫ b

0

∫ a

0

(
β2a2

m2π2
sin2

(mπ

a
x
)

+ cos2
(mπ

a
x
))

dxdy

=
µab

8

(
β2a2

m2π2
+ 1

)

=
ω2εµ2a3b

8m2π2
= We (2.99)

W

W = We +Wm =
ω2εµ2a3b

4m2π2
(2.100)

ven

P = venW (2.101)

ven =
P

W
=

β

ωεµ
=

c2

vp
(2.102)

ven (2.96) v′

ω β

(2.14) group velocity

vg

vg =
dω

dβ
=

βc2

ω
=

c2

vp
(2.103)

(2.102)

ven

vg

(2.14) 14

dispersion curve

ω = ±cβ

ω ωc = ckc

vp

(β, ω) ω/β

vg (β, ω)

dω/dβ 0 < β

+z β < 0

−z

14 k2
c = ω2εµ− β2
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3

3.1

z z = 0 z = d

d

+z

−z

cavity resonator

resonant frequency

ω0

E⃗, H⃗

(
E⃗(x, y, z, t)

H⃗(x, y, z, t)

)
=

(
E⃗0(x, y, z)

H⃗0(x, y, z)

)
ejω0t (3.1)

(1.10)

∇2

(
E⃗0

H⃗0

)
+ ω2

0εµ

(
E⃗0

H⃗0

)
= 0 (3.2)

*13 *14

z = 0, d

λg p

λg =
2d

p
(3.3)

2.79

λ0

1

λ2
0

=
1

λ2
c

+
1

λ2
g

=
( kc
2π

)2

+
( p

2d

)2

(3.4)

*13

∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

*14

H0z = X(x)Y (y)Z(z) TE

E0z = X(x)Y (y)Z(z) TM

H0z = R(r)Φ(ϕ)Z(z) TE

E0z = R(r)Φ(ϕ)Z(z) TM

z = 0, d

λ0 =
1√

(kc/2π)2 + (p/2d)2
(3.5)

f0

f0 =
c

λ0
=

c

2π

√
k2c +

(pπ
d

)2

(3.6)

*15

3.2

15

*15

β → +β β → −β

β

β =
2π

λg
=

pπ

d
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+

∂2
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+
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*14

H0z = X(x)Y (y)Z(z) TE

E0z = X(x)Y (y)Z(z) TM

H0z = R(r)Φ(ϕ)Z(z) TE

E0z = R(r)Φ(ϕ)Z(z) TM

z = 0, d

λ0 =
1√

(kc/2π)2 + (p/2d)2
(3.5)

f0

f0 =
c

λ0
=

c

2π

√
k2c +

(pπ
d

)2

(3.6)

*15

3.2

15

*15

β → +β β → −β

β

β =
2π

λg
=

pπ

d

16 [11]

TE

E0x =
jω0µ0ky

k2c
cos(kxx) sin(kyy) sin(kzz)

(3.7)

E0y =
−jω0µ0kx

k2c
sin(kxx) cos(kyy) sin(kzz)

(3.8)

E0z = 0 (3.9)

H0x =
−kzkx
k2c

sin(kxx) cos(kyy) cos(kzz)

(3.10)

H0y =
−kzky
k2c

cos(kxx) sin(kyy) cos(kzz)

(3.11)

H0z = cos(kxx) cos(kyy) sin(kyy) (3.12)

ω2
0ε0µ0 = k2x + k2y + k2z (3.13)

kx =
mπ

a
, ky =

nπ

b
, kz =

pπ

d
(3.14)

k2c = ω2
0ε0µ0 − k2z = k2x + k2y (3.15)

f0 λ0

f0 =
c

2π

√(mπ

a

)2

+
(nπ

b

)2

+
(pπ

d

)2

(3.16)

λ0 =
1√

(m/2a)2 + (n/2b)2 + (p/2d)2
(3.17)

TM

E0x =
−kzkx
k2c

cos(kxx) sin(kyy) sin(kzz)

(3.18)

E0y =
−kzky
k2c

sin(kxx) cos(kyy) sin(kzz)

(3.19)

E0z = sin(kxx) sin(kyy) cos(kzz) (3.20)

H0x =
jω0ε0ky

k2c
sin(kxx) cos(kyy) cos(kzz)

(3.21)

H0y =
−jω0ε0kx

k2c
cos(kxx) sin(kyy) cos(kzz)

(3.22)

H0z = 0 (3.23)

ω2
0ε0µ0 = k2x + k2y + k2z (3.24)

kx =
mπ

a
, ky =

nπ

b
, kz =

pπ

d
(3.25)

k2c = ω2
0ε0µ0 − k2z = k2x + k2y (3.26)

f0 λ0

f0 =
c

2π

√(mπ

a

)2

+
(nπ

b

)2

+
(pπ

d

)2

(3.27)

λ0 =
1√

(m/2a)2 + (n/2b)2 + (p/2d)2
(3.28)

3.3

17
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18 [11]

TM

E0r =
−kz
kc

J ′
m(kcr) cos(mϕ) sin(kzz) (3.29)

E0ϕ =
mkz
k2c

Jm(kcr)

r
sin(mϕ) sin(kzz) (3.30)

E0z = Jm(kcr) cos(mϕ) cos(kzz) (3.31)

H0r =
−jωεm

k2c

Jm(kcr)

r
sin(mϕ) cos(kzz)

(3.32)

H0ϕ =
−jωε

kc
J ′
m(kcr) cos(mϕ) cos(kzz) (3.33)

H0z = 0 (3.34)

kc =
ρmn

a
, kz =

pπ

d
(3.35)

k2c = ω2
0ε0µ0 − k2z (3.36)

f0 λ0

f0 =
c

2π

√(ρmn

a

)2

+
(pπ

d

)2

(3.37)

λ0 =
1√

(ρmn/2πa)2 + (p/2d)2
(3.38)

TE

E0r =
jωµm

k2c

Jm(kcr)

r
sin(mϕ) sin(kzz) (3.39)

E0ϕ =
jωµ

kc
J ′
m(kcr) cos(mϕ) sin(kzz) (3.40)

E0z = 0 (3.41)

H0r =
kz
kc

J ′
m(kcr) cos(mϕ) cos(kzz) (3.42)

H0ϕ =
−kzm

k2c

Jm(kcr)

r
sin(mϕ) cos(kzz) (3.43)

H0z = Jm(kcr) cos(mϕ) sin(kzz) (3.44)

kc =
ρ′mn

a
, kz =

pπ

d
(3.45)

k2c = ω2
0ε0µ0 − k2z (3.46)

f0 λ0

f0 =
c

2π

√(ρ′mn

a

)2

+
(pπ

d

)2

(3.47)

λ0 =
1√

(ρ′mn/2πa)
2 + (p/2d)2

(3.48)

3.4 Q

Q

QL = ω0
1

(3.49)

QL = ω0
W

P
= ω0

W

−dW
dt

(3.50)

P0

Pext

P = P0 + Pext (3.51)

1

QL
=

1

Q0
+

1

Qext
(3.52)
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√(ρ′mn

a

)2

+
(pπ

d

)2

(3.47)

λ0 =
1√

(ρ′mn/2πa)
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3.4 Q

Q

QL = ω0
1

(3.49)

QL = ω0
W

P
= ω0

W

−dW
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(3.50)

P0

Pext

P = P0 + Pext (3.51)

1

QL
=

1

Q0
+

1

Qext
(3.52)

Q0 = ω0
W

P0
(3.53)

Qext = ω0
W

Pext
(3.54)

Q0 Q internal Q

Q unloaded Q Qext Q

external Q QL Q

loaded Q

W (3.50)

dW

dt
= − ω0

QL
W (3.55)

W e−(ω0/QL)t

e−(ω0/2QL)t Q

4

4.1

TM010

pillbox cavity

cylindrical cavity

TM

z Ez

TM010

(3.29) (3.34) m = 0, n = 1, p = 1

E0z = J0(kcr) (4.1)

H0ϕ = −j

√
ε

µ
J ′
0(kcr) (4.2)

E0r = E0ϕ = H0z = H0r = 0 (4.3)

kc =
ρ01
a

(4.4)

E0z H0ϕ r

z E0z H0ϕ

19 E0z r = 0

H0ϕ ρ01r/a = 1.841

*16

19 TM010

*16 J ′
0(x)

J ′
0(1.841) = 0.5819

r = a x = kcr = kca = ρ01 = 2.405
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f0

f0 =
c

2π

ρ01
a

(4.5)

a d

TM010

Q *17

We

We =
1

4
ε

∫∫∫
E⃗ · E⃗∗dV

=
1

4
ε · d

∫ a

0

J0(kcr)
2 · 2πrdr

=
1

4
ε · d2π

k2c

∫ ρ01

0

xJ0(x)
2dx

=
1

4
ε · d2π

k2c
· ρ

2
01

2
J1(ρ01)

2

=
1

4
επa2dJ1(ρ01)

2 (4.6)

Wm

Wm =
1

4
µ

∫∫∫
H⃗ · H⃗∗dV

=
1

4
µ · d

∫ a

0

ε

µ
J ′
0(kcr)

2 · 2πrdr

=
1

4
µ · d · 2π ε

µ

∫ a

0

J1(kcr)
2rdr

=
1

4
µ · d · 2π ε

µ
· 1

k2c

∫ ρ01

0

xJ1(x)
2dx

=
1

4
µ · d · 2π ε

µ
· 1

k2c
· ρ

2
01

2
J1(ρ01)

2

=
1

4
επa2dJ1(ρ01)

2 = We (4.7)

We

W

W = We +Wm =
1

2
επa2dJ1(ρ01)

2 (4.8)

J ′
0(x)

J ′
0(2.405) = 0.5191

*17

J−n(x) = (−1)nJn(x)

d

dx
(xνJν(x)) = xνJν−1(x)

∫
xJν(x)

2dx =
x2

2

(
Jν(x)

2 − Jν+1(x)Jν−1(x)
)

z = 0 z = d P1

P1 =
1

2
Rs

∫ a

0

H∗
ϕHϕ · 2πrdr

=
1

2
Rs

∫ a

0

ε

µ
J ′
0(kcr)

2 · 2πrdr

=
1

2
Rs · 2π

ε

µ
· 1

k2c
· ρ

2
01

2
J1(ρ01)

2

=
1

2
Rsπa

2 ε

µ
J1(ρ01)

2 (4.9)

r = a P2

P2 =
1

2
Rs ·H∗

ϕHϕ · 2πad

=
1

2
Rs ·

ε

µ
J ′
0(kca)

2 · 2πad

= Rsπad
ε

µ
J1(ρ01)

2 (4.10)

P0

P0 = 2× P1 + P2

= Rsπa(a+ d)
ε

µ
J1(ρ01)

2 (4.11)

(3.53) Q0

Q0 =
ρ01
2Rs

√
µ

ε

1

1 + a/d

=
a

δ(1 + a/d)
(4.12)

δ (1.47)

4.2

20

20(a)

20(b)

g

z

2

20 1

21 2 2π 0

π 2π

π
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f0

f0 =
c

2π

ρ01
a

(4.5)

a d

TM010

Q *17

We

We =
1

4
ε

∫∫∫
E⃗ · E⃗∗dV

=
1

4
ε · d

∫ a

0

J0(kcr)
2 · 2πrdr

=
1

4
ε · d2π

k2c

∫ ρ01

0

xJ0(x)
2dx

=
1

4
ε · d2π

k2c
· ρ

2
01

2
J1(ρ01)

2

=
1

4
επa2dJ1(ρ01)

2 (4.6)

Wm

Wm =
1

4
µ

∫∫∫
H⃗ · H⃗∗dV

=
1

4
µ · d

∫ a

0

ε

µ
J ′
0(kcr)

2 · 2πrdr

=
1

4
µ · d · 2π ε

µ

∫ a

0

J1(kcr)
2rdr
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1

4
µ · d · 2π ε

µ
· 1

k2c

∫ ρ01

0

xJ1(x)
2dx
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1

4
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µ
· 1

k2c
· ρ

2
01

2
J1(ρ01)

2
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1

4
επa2dJ1(ρ01)

2 = We (4.7)

We

W

W = We +Wm =
1

2
επa2dJ1(ρ01)

2 (4.8)

J ′
0(x)

J ′
0(2.405) = 0.5191

*17

J−n(x) = (−1)nJn(x)

d

dx
(xνJν(x)) = xνJν−1(x)

∫
xJν(x)

2dx =
x2

2

(
Jν(x)

2 − Jν+1(x)Jν−1(x)
)

z = 0 z = d P1

P1 =
1

2
Rs

∫ a

0

H∗
ϕHϕ · 2πrdr

=
1

2
Rs

∫ a

0

ε

µ
J ′
0(kcr)

2 · 2πrdr

=
1

2
Rs · 2π

ε

µ
· 1

k2c
· ρ

2
01

2
J1(ρ01)

2

=
1

2
Rsπa

2 ε

µ
J1(ρ01)

2 (4.9)

r = a P2

P2 =
1

2
Rs ·H∗

ϕHϕ · 2πad

=
1

2
Rs ·

ε

µ
J ′
0(kca)

2 · 2πad

= Rsπad
ε

µ
J1(ρ01)

2 (4.10)

P0

P0 = 2× P1 + P2

= Rsπa(a+ d)
ε

µ
J1(ρ01)

2 (4.11)

(3.53) Q0

Q0 =
ρ01
2Rs

√
µ

ε

1

1 + a/d

=
a

δ(1 + a/d)
(4.12)

δ (1.47)

4.2

20

20(a)

20(b)

g

z

2

20 1

21 2 2π 0

π 2π

π

20

(a) (b) (a) 1/4

21 0 2π π

180

2π

1 z L

L =
v

f0
=

v

c

c

f0
= βλ (4.13)

β

v/c λ

22

drift tube

Alvarez drift-tube linac

22

4.3

V0 L

Ez(z)

V0 =

∫ L

0

Ez(z)dz (4.14)

E0

E0 =
1

L

∫ L

0

Ez(z)dz =
V0

L
(4.15)

shunt impedance

Rsh [MΩ] V0 P0

Rsh =
V 2
0

P0
(4.16)
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E0

L

Rsh =
E2

0

P0/L2
(4.17)

P0

Rsh P (= P0)

Zsh [MΩ/m]

Zsh =
Rsh

L
=

E2
0

P0/L
(4.18)

Rsh/Q0 [MΩ]

Rsh

Q0
=

V 2
0 /P0

ω0W/P0
=

V 2
0

ω0W
(4.19)

Zsh/Q0 [MΩ/m]

Zsh

Q0
=

E2
0

ω0W/L
(4.20)

4.4

z Ez(z, t)

Ez(z, t) = Ez(z) cos(ωt(z) + ϕ) (4.21)

z = 0

L = βλ q

∆W

∆W = q

∫ L/2

−L/2

Ez(z) cos(ωt(z) + ϕ)dz (4.22)

t = 0 z = 0

z = 0

Ez(0, 0) = Ez(0) cosϕ (4.23)

ϕ

ϕ

q

∆W

∆W = qV0T cosϕ (4.24)

V0

E0 =
1

L

∫ L/2

−L/2

Ez(z)dz (4.25)

V0 = E0L =

∫ L/2

−L/2

Ez(z)dz (4.26)

∆W

(4.22)

qV0T cosϕ = q

∫ L/2

−L/2

Ez(z) cos(ωt(z) + ϕ)dz

(4.27)

T

T =

∫ L/2

−L/2
Ez(z) cos(ωt(z) + ϕ)dz

V0 cosϕ

=

∫ L/2

−L/2
Ez(z) cosωt(z)dz

∫ L/2

−L/2
Ez(z)dz

− tanϕ

∫ L/2

−L/2
Ez(z) sinωt(z)dz

∫ L/2

−L/2
Ez(z)dz

(4.28)

T

transit-time factor

z = 0 Ez(z)

Ez(z) sinωt(z)

∫ L/2

−L/2

Ez(z) sinωt(z)dz = 0 (4.29)

T =

∫ L/2

−L/2
Ez(z) cosωt(z)dz

∫ L/2

−L/2
Ez(z)dz

(4.30)

ωt(z)

ωt(z) ≈ ω
z

v
=

2πz

βλ
(4.31)

T =

∫ L/2

−L/2
Ez(z) cos(2πz/βλ)dz
∫ L/2

−L/2
Ez(z)dz

(4.32)

Ez cos(ωt)

∆W

qV0 cosϕ T

g Ez(z) = Eg

Ez(z) = 0

T =

∫ g/2

−g/2
Eg cos(2πz/βλ)dz
∫ g/2

−g/2
Egdz

=
sin(πg/βλ)

πg/βλ
(4.33)

g/βλ

T 23

23

g

1

g

1

2 f0

Kilpatrick formula

f = 1.64E2
k exp

(
−8.5

Ek

)
(4.34)

f [MHz]

Ek Kilpatrick limit [MV/m]

24

f Ek

”

”

*18

24

*18 Es Ek

Es = bEk

b ”bravery factor”

[1]
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E0

L

Rsh =
E2

0

P0/L2
(4.17)

P0
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Zsh [MΩ/m]

Zsh =
Rsh

L
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E2
0

P0/L
(4.18)
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(4.20)

4.4

z Ez(z, t)

Ez(z, t) = Ez(z) cos(ωt(z) + ϕ) (4.21)

z = 0

L = βλ q

∆W

∆W = q

∫ L/2

−L/2

Ez(z) cos(ωt(z) + ϕ)dz (4.22)

t = 0 z = 0

z = 0

Ez(0, 0) = Ez(0) cosϕ (4.23)

ϕ

ϕ

q

∆W

∆W = qV0T cosϕ (4.24)

V0

E0 =
1

L

∫ L/2

−L/2

Ez(z)dz (4.25)

V0 = E0L =

∫ L/2

−L/2

Ez(z)dz (4.26)

∆W

(4.22)

qV0T cosϕ = q

∫ L/2

−L/2

Ez(z) cos(ωt(z) + ϕ)dz

(4.27)

T

T =

∫ L/2

−L/2
Ez(z) cos(ωt(z) + ϕ)dz

V0 cosϕ

=

∫ L/2

−L/2
Ez(z) cosωt(z)dz

∫ L/2

−L/2
Ez(z)dz

− tanϕ

∫ L/2

−L/2
Ez(z) sinωt(z)dz

∫ L/2

−L/2
Ez(z)dz

(4.28)

T

transit-time factor

z = 0 Ez(z)

Ez(z) sinωt(z)

∫ L/2

−L/2

Ez(z) sinωt(z)dz = 0 (4.29)

T =

∫ L/2

−L/2
Ez(z) cosωt(z)dz

∫ L/2

−L/2
Ez(z)dz

(4.30)

ωt(z)

ωt(z) ≈ ω
z

v
=

2πz

βλ
(4.31)

T =

∫ L/2

−L/2
Ez(z) cos(2πz/βλ)dz
∫ L/2

−L/2
Ez(z)dz

(4.32)

Ez cos(ωt)

∆W

qV0 cosϕ T

g Ez(z) = Eg

Ez(z) = 0

T =

∫ g/2

−g/2
Eg cos(2πz/βλ)dz
∫ g/2

−g/2
Egdz

=
sin(πg/βλ)

πg/βλ
(4.33)

g/βλ

T 23

23

g

1

g

1

2 f0

Kilpatrick formula

f = 1.64E2
k exp

(
−8.5

Ek

)
(4.34)

f [MHz]

Ek Kilpatrick limit [MV/m]

24

f Ek

”

”

*18

24

*18 Es Ek

Es = bEk

b ”bravery factor”

[1]
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4.5

V0 E0

cos(ωt)

T

V0T E0T

Rsh

(V0T )
2

P0
=

(E0T )
2

P0/L2
= RshT

2 (4.35)

RshT
2 [MΩ]

effective shunt impedance

ZT 2 [MΩ/m]

ZshT
2 =

RshT
2

L
=

(E0T )
2

P0/L
(4.36)

f0 L = βλ

g 20

LC

ω2
0 = 1/LC

g βλ

Φ

Φ =

∫∫

S

B⃗ · n⃗ dS

∼ µ0βλ

∫ D/2

d/2

I

2πr
dr =

µ0Iβλ

2π
ln

D

d
(4.37)

Φ = LI

L ∼ µ0βλ

2π
ln

D

d
(4.38)

C

C ∼ ε0
πd2

4g
(4.39)

ω2
0 =

1

LC
∼ g

βλ
· 8c2

d2 ln D
d

(4.40)

β

β

g g/βλ

d D

d g

(4.39) C

d D

g/βλ

25

25

[2]

4.6

coupled-cavity linac
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β

β
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d D
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d D
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25
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[2]

4.6

coupled-cavity linac

26 M

5

26

M

LC

ω0

ω2
0 = 1/LC

2C

I0, I1, I2, I3, I4

− 1

2C
I0 = L

d2I0
dt2

+M
d2I1
dt2

(4.41)

− 1

C
I1 = 2L

d2I1
dt2

+M
d2I0
dt2

+M
d2I2
dt2

(4.42)

− 1

C
I2 = 2L

d2I2
dt2

+M
d2I1
dt2

+M
d2I3
dt2

(4.43)

− 1

C
I3 = 2L

d2I3
dt2

+M
d2I2
dt2

+M
d2I4
dt2

(4.44)

− 1

2C
I4 = L

d2I4
dt2

+M
d2I3
dt2

(4.45)

5

Ω n = 0, 1, 2, 3, 4

(4.41) (4.45)

In = xne
jΩt (4.46)

ω2
0

Ω2
x0 = x0 + kx1 (4.47)

ω2
0

Ω2
x1 = x1 +

k

2
x0 +

k

2
x2 (4.48)

ω2
0

Ω2
x2 = x2 +

k

2
x1 +

k

2
x3 (4.49)

ω2
0

Ω2
x3 = x3 +

k

2
x2 +

k

2
x4 (4.50)

ω2
0

Ω2
x4 = x4 + kx3 (4.51)

k = M/L M

M =




1 k 0 0 0
k/2 1 k/2 0 0
0 k/2 1 k/2 0
0 0 k/2 1 k/2
0 0 0 k 1




(4.52)

X

X =




x0

x1

x2

x3

x4




(4.53)

(4.47) (4.51)

MX =
ω2
0

Ω2
X (4.54)

M

Ωq (q = 0, 1, 2, 3, 4) E 5 × 5

det

(
M − ω2

0

Ω2
E

)
= 0 (4.55)

• 0

X0

X0 =




1
1
1
1
1




(4.56)

0

Ω0

Ω0 =
ω0√
1 + k

(4.57)

• π/4

X1

X1 =




1

1/
√
2

0

−1/
√
2

−1




(4.58)
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π/4 Ω1

Ω1 =
ω0√

1 + k/
√
2

(4.59)

• π/2

X2

X2 =




1
0
−1
0
1




(4.60)

π/2

Ω2

Ω2 = ω0 (4.61)

• 3π/4

X3

X3 =




1

−1/
√
2

0

1/
√
2

−1




(4.62)

3π/4 Ω3

Ω3 =
ω0√

1− k/
√
2

(4.63)

• π

X4

X4 =




1
−1
1
−1
1




(4.64)

π

Ω4

Ω4 =
ω0√
1− k

(4.65)

27 5 X0 0

X1 π/4 X2 π/2

X3 3π/4 X4 π

Xq (q = 0, 1, 2, 3, 4)

27

5 N+1

q q =

0, 1, 2, ..., N Ωq

Ωq =
ω0√

1 + k cos(πq/N)
(4.66)

Xq

n n = 0, 1, 2, ..., N Xq,n

Xq,n = cos
(πq
N

n
)

(4.67)

ϕ

ϕ =
πq

N
(4.68)

q = 0 0 q = N/2

π/2 q = N π

0 π/2 π

28

π/2

d

λg

ϕ

ϕ =
2π

λg
d = βd (4.69)
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π
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X3 3π/4 X4 π
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27

5 N+1

q q =

0, 1, 2, ..., N Ωq

Ωq =
ω0√

1 + k cos(πq/N)
(4.66)

Xq

n n = 0, 1, 2, ..., N Xq,n

Xq,n = cos
(πq
N

n
)

(4.67)

ϕ

ϕ =
πq

N
(4.68)

q = 0 0 q = N/2

π/2 q = N π

0 π/2 π

28

π/2

d

λg

ϕ

ϕ =
2π

λg
d = βd (4.69)

28

β = 2π/λg

*19

ϕ β

ϕ Ω (4.66)

29

5

29

0 π 0

π/2

bandwidth δω k ≪ 1

δω = ΩN − Ω0

=
ω0√
1− k

− ω0√
1 + k

∼= ω0k (4.70)

N

k

*19 (4.67)

Xq,ne
jΩqt =

1

2

(
ej(Ωqt+

πqn
N

) + ej(Ωqt−πqn
N

)
)

β =
πqn

Nz
=

πq

Nd
=

ϕ

d

29

5

π/2

π/2

π/2

π/2

0

π

π/2

π/2 30

APS Alternating Periodic Structure

SCS Side Coupled Structure

ACS Annular-ring

Coupled Structure

APS
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Disk loaded structure

Alternating periodic structure (APS)

Side coupled structure (SCS)

Annular-ring coupled structure (ACS)

30 π/2

SCS

ACS

4.7

β

β =
Pext

P0
(4.71)

(3.52) (3.54)

QL =
1

1 + β
Q0 (4.72)

31 wg-cavity

31

dW

dt
= Pin − Pref − P0 (4.73)

Gwg

G0

dW

dt
=

d

dt

(
Q0P0

ω0

)

=
(1 + β)QL

ω0
· d

dt
(G0V

2
0 )

=
(1 + β)QL

ω0
· 2G0V0

dV0

dt
(4.74)

Pin−Pref − P0

= GwgV
2
in −GwgV

2
ref −G0V

2
0

= GwgV
2
in −Gwg(V0 − Vin)

2 −G0V
2
0

= −GwgV
2
0 + 2GwgVinV0 −G0V

2
0

= −βG0V
2
0 + 2βG0VinV0 −G0V

2
0

= G0V0

{
−(1 + β)V0 + 2βVin

}
(4.75)

Vref = V0 − Vin (4.76)

β =
Gwg

G0
(4.77)

(4.74), (4.75) (4.73)

2QL

ω0

dV0

dt
+ V0 =

2β

1 + β
Vin (4.78)

V0 (4.78)

V0(t) =
2β

1 + β

(
1− e

− ω0
2QL

t
)
Vin (4.79)
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Disk loaded structure

Alternating periodic structure (APS)

Side coupled structure (SCS)

Annular-ring coupled structure (ACS)

30 π/2
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4.7
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2
0
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2
0

= −βG0V
2
0 + 2βG0VinV0 −G0V

2
0

= G0V0

{
−(1 + β)V0 + 2βVin

}
(4.75)

Vref = V0 − Vin (4.76)

β =
Gwg

G0
(4.77)

(4.74), (4.75) (4.73)

2QL

ω0

dV0

dt
+ V0 =

2β

1 + β
Vin (4.78)

V0 (4.78)

V0(t) =
2β

1 + β

(
1− e

− ω0
2QL

t
)
Vin (4.79)

*20

0 < t < t1 Vref

Vref = −
(
1− β

1 + β
+

2β

1 + β
e
− ω0

2QL
t

)
Vin (4.80)

Γ(t) = Vref/Vin

Γ(t) =
β − 1

β + 1
− 2β

1 + β
e
− ω0

2QL
t

(4.81)

t1 < t

V0(t) = V0(t1)e
− ω0

2QL
(t−t1)

=
2β

1 + β

(
e

ω0
2QL

t1 − 1
)
e
− ω0

2QL
t
Vin (4.82)

Vin = 0 Vref

Vref(t) = V0(t) (4.83)

=
2β

1 + β

(
e

ω0
2QL

t1 − 1
)
e
− ω0

2QL
t
Vin (4.84)

32 β = 0.2, 1.0, 2.0

Pref W ∝ V 2
0

t = 0 Pin = Pref

Pin = 1MW 1.5MW

0 < t < t1 t

Γ =
β − 1

β + 1
(4.85)

*20

V0 = Ṽ e
− ω0

2QL
t

(4.78)

dṼ

dt
=

ω0

2QL
·

2β

1 + β
Vine

ω0
2QL

t

t C

Ṽ =
2β

1 + β
Vine

ω0
2QL

t
+ C

V0 =
2β

1 + β
Vin + Ce

− ω0
2QL

t

V0(t = 0) = 0 C

C = −
2β

1 + β
Vin

(4.78) (4.79)

32 β = 0.2, 1.0, 2.0

Pref W ∝ V 2
0

β =
1 + |Γ|
1− |Γ|

(1 < β over coupling) (4.86)

β =
1− |Γ|
1 + |Γ|

(β < 1 under coupling) (4.87)

*21 β = 1 critical coupling Γ = 0

*21 VSWR Voltage Standing Wave Ratio

VSWR = β (1 < β)

VSWR =
1

β
(β < 1)
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