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E, B q

dP

dt
= qE + qv ×B (1.1)

t,v, P , t

P m c β, γ

P = γmv (1.2)

γ = 1/
√

1− β2, β2 = β · β, β = v/c (1.3)

(1.1) q t

L(q, q̇, t)

L = −mc2
√
1− v2/c2 − qϕ+ qv ·A (1.4)

d/dt ϕ

A

E = −∇ϕ− ∂A

∂t

B = ∇×A
(1.5)

(1.4) H(q,p, t)

H =
∑
i

p · q̇ − L =

√
c2 (p− qA)2 +m2c4 + qϕ (1.6)

p = ∂L/∂v = P + qA

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
(1.7)
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F1(p, x, y, s) = −p · [r0(s) + xex(s) + yey(s)] (1.11)

px = −∂F1

∂x
= p · ex, py = −∂F1

∂y
= p · ey, ps = −∂F1

∂s
=

(
1 +

x

ρ

)
p · es (1.12)

A = (Ax, Ay, Az)

Ax = Ax · ex, Ay = Ay · ey, As =

(
1 +

x

ρ

)
A · es (1.13)

H1

H1(x, px, y, py, s, ps; t) = H +
∂F1

∂t
(1.14)

= qϕ+ c

√
m2c2 + (px − qAx)

2 + (py − qAy)
2 +

(ps − qAs)
2

(1 + x/ρ)2

(1.15)

t s t H1

(1.7) −H1 (1.14) −ps

H2(x, px, y, py, t, pt; s)

= −qAs −
(
1 +

x

ρ

)√(
pt + qϕ

c

)2

−m2c2 − (px − qAx)
2 − (py − qAy)

2

(1.16)

pt = −H1

s

(ϕ,A) H2 (1.7)

(ϕ,A)

(ϕ,A)

ϕ

ϕ = 0 H2 ϕ = 0

E E = −pt

H3(x, px, y, py, t,−E; s)

= −qAs −
(
1 +

x

ρ

)√(
E

c

)2

−m2c2 − (px − qAx)
2 − (py − qAy)

2

= −qAs −
(
1 +

x

ρ

)√
p2 − (px − qAx)

2 − (py − qAy)
2 (1.17)

p(E) ≡
√
E2/c2 −m2c2

5

1/ρ = 0

A = 0

H H3 ϕ = 0,A = 0, 1/ρ = 0

H = −
√
p2 − p2x − p2y (1.18)

x′ =
px√

p2 − p2x − p2y

, p′x = 0 (1.19)

y′ =
py√

p2 − p2x − p2y

, p′y = 0 (1.20)

t′ =
E/c2√

p2 − p2x − p2y

, − E′ = 0 (1.21)

L s = s1 (x1, px1, y1, py1, z1,−E1)

s = s2 = s1 + L

x2 = x1 +
px√

p2 − p2x − p2y

× L, px2 = px1, (1.22)

y2 = y1 +
py√

p2 − p2x − p2y

× L, py2 = py1, (1.23)

t2 = t1 +
E/c2√

p2 − p2x − p2y

× L, − E2 = −E1, (1.24)

(1.22)-(1.24) (x1, px1, y1, py1, t1,−E1) (x2, px2, y2, py2, t2,−E2)

x = (x, px, y, py, t,−E) M

xs=s2 = M◦ xs=s1 (1.25)

◦ (1.22)-(1.24)

M
M M 6× 6

(1.25)

1.4

(1.17)

s

s

H3 2,3

H4(x, px, y, py, t,−E; s) ∼

−
(
1 +

x

ρ

)
p +

(
1 +

x

ρ

)
1

2p

[
(px − qAx)

2 + (py − qAy)
2
]
− qAs

(1.26)
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∆p = p− p0 ∆E = E − E0

∆p

p0
=

∆E

β2
0E0

− 1

2γ20

(
∆E

β2
0E0

)2

+ · · · (1.27)

H4(x, px, y, py, t,−E; s) ∼−
(
1 +

x

ρ

)
p0 − p0

∆E

β2
0E0

+
p0
2γ20

(
∆E

β2
0E0

)2

− p0
x

ρ

∆E

β2
0E0

+
1

2p0

[
(px − qAx)

2 + (py − qAy)
2
]
− qAs

(1.28)

(t,−E) (t0 = s/β0c,−E0)

F4 =

(
s

β0c
− t

)
(E0 +∆E) (1.29)

(−∆t,∆E)

−∆t = −(t− t0), ∆E = E − E0 (1.30)

Ĥ4 = H4 + ∂F4/∂s ∂F4/∂s (1.28)

H5 = Ĥ4/p0, p̂x = px/p0, p̂y = py/p0, ∆̂E = ∆E/p0 (1.31)

H5(x, p̂x, y, p̂y,−∆t, ∆̂E; s) ∼−
(
1 +

x

ρ

)
+

1

2γ20

(
∆̂E

β0c

)2

− x

ρ

∆̂E

β0c

+
1

2

[
(p̂x − ax)

2 + (p̂y − ay)
2
]
− as

(1.32)

a ≡ qA/p0 ∆t

z = −β0γ0c∆t, pz =
∆̂E

β0γ0c
=

∆E

γ0β0cp0
∼ 1

γ0

∆p

p0
(1.33)

(z, px, y, py, z, pz)

H(x, px, y, py, z, pz; s) = −
(
1 +

x

ρ

)
− γ0

ρ
xpz +

1

2

[
(px − ax)

2 + (py − ay)
2 + p2z

]
− as (1.34)
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1.5

(1.34)

(x, y, z)

Bz = 0

(x, y) (Bx, By) i

By + iBx = B0

∞∑
n=0

(bn + ian) (x+ iy)n

bn =
1

B0n!

∂By

∂x
|x=y=0, an =

1

B0n!

∂Bx

∂x
|x=y=0

(1.35)

x, y bn an
90/(n+ 1)

bn an
1

b0 b0 = 1 B0 q

1.5.1 (n = 0)

−1.0 −0.5 0.0 0.5 1.0

Horizontal position x
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B
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(b)(a)

1.2: (a) B F (b)SuperKEKB

1.2

B = (Bx, By) = B0(0, 1) (1.36)
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(Steering magnet)

1.5.2 (n = 1)
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F
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⊙qv

F
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(b)(a)

1.3: (a) (B0b1 > 0) B F

(b)SuperKEKB

B = (Bx, By) = B0b1(y, x) (1.37)

1.3(a)

B0b1 > 0 x y

B0b1 < 0

B0b1 > 0 B0b1 < 0

B0b1 > 0, B0b1 < 0

(Beam optics)

1.5.3 (n = 2)
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9
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1.4: (a) (b)SuperKEKB

SuperKEKB

B = (Bx, By) = B0b2(2xy, x
2 − y2) (1.38)

1.6

A

∇ ·A = 0 (1.35)

As

B = ∇×A =
1

1 + x/ρ

(
∂As

∂y

)
ex +

1

1 + x/ρ

(
−∂As

∂x

)
ey (1.39)

(1.36) B = B0ey

By = B0 = − 1

1 + x/ρ

(
∂As

∂x

)
(1.40)

As

As = −B0

(
1 +

x

2ρ

)
x (1.41)

1/ρ (1.35)

As = Az = −B0ℜ
∞∑
n=0

(bn + ian)
(x+ iy)n+1

n+ 1
(1.42)
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1.7

(1.34)

1.7.1

(A = 0) 1/ρ = 0

H = (x, px, y, py, z, pz) =
p2x + p2y + p2z

2
(1.43)

L



x

px

y

py

z

pz




out

=




1 L 0 0 0 0

0 1 0 0 0 0

0 0 1 L 0 0

0 0 0 1 0 0

0 0 0 0 1 L

0 0 0 0 0 1







x

px

y

py

z

pz




in

(1.44)

1.7.2

L ρ qB0ρ = p0
as

as = −1

ρ

(
1 +

x

2ρ

)
x (1.45)

H = (x, px, y, py, z, pz) =
p2x + p2y + p2z

2
+

1

2

x2

ρ2
− γ0

ρ
xpz (1.46)

xpz

x′′ +
1

ρ2
x =

γ0
ρ
pz (1.47)

x = γ0ρpz (1.48)

2

x′′ +
1

ρ2
x = 0 (1.49)

A,B

x(s) = A cos
s

ρ
+B sin

s

ρ
(1.50)

2∵ pz

11

(1.47)

x(s) = A cos
s

ρ
+B sin

s

ρ
+ γ0ρpz (1.51)

s = 0 (x0, px0) A,B

x(s) = x0 cos
s

ρ
+ ρpx0 sin

s

ρ
+ ρ

(
1− cos

s

ρ

)
γ0pz (1.52)

z′ =
∂H

∂pz
= −γ0

ρ
x

= −γ0
ρ
x0 cos

s

ρ
− γ0px0 sin

s

ρ
− γ20

(
1− cos

s

ρ

)
pz

(1.53)

s = 0 (z0, pz0)

z(s) = z0 − γ0x0 sin
s

ρ
− γ0ρpx0

(
1− cos

s

ρ

)
− γ20

(
s− ρ sin

s

ρ

)
pz0 (1.54)




x

px

y

py

z

pz




out

=




C ρS 0 0 0 ργ0(1− C)

−S/ρ C 0 0 0 γ0S

0 0 1 L 0

0 0 0 1 0 0

−γ0S −γ0ρ(1− C) 0 0 1 −γ20(L− ρS)

0 0 0 0 0 1







x

px

y

py

z

pz




in

(1.55)

C ≡ cos (L/ρ) , S ≡ sin (L/ρ) (∝ pz)

(∝ z)

1.7.3

1/ρ = 0

as = −k1
2

(
x2 − y2

)
, k1 =

qB0b1
p0

(1.56)

H =
p2x + p2y

2
+

1

2
k1

(
x2 − y2

)
+

p2z
2

(1.57)

pz = 0, k = 1/ρ2

cos, sin cosh, sinh




x

px

y

py

z

pz




out

=




C S/
√
k1 0 0 0 0

−
√
k1S C 0 0 0 0

0 0 Ch Sh

√
|k1| 0 0

0 0
√
|k1|Sh Ch 0 0

0 0 0 0 1 L

0 0 0 0 0 1







x

px

y

py

z

pz




in

(1.58)
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1.7

(1.34)

1.7.1

(A = 0) 1/ρ = 0

H = (x, px, y, py, z, pz) =
p2x + p2y + p2z

2
(1.43)

L



x

px

y

py

z

pz




out

=




1 L 0 0 0 0

0 1 0 0 0 0

0 0 1 L 0 0

0 0 0 1 0 0

0 0 0 0 1 L

0 0 0 0 0 1







x

px

y

py

z

pz




in

(1.44)

1.7.2

L ρ qB0ρ = p0
as

as = −1

ρ

(
1 +

x

2ρ

)
x (1.45)

H = (x, px, y, py, z, pz) =
p2x + p2y + p2z

2
+

1

2

x2

ρ2
− γ0

ρ
xpz (1.46)

xpz

x′′ +
1

ρ2
x =

γ0
ρ
pz (1.47)

x = γ0ρpz (1.48)

2

x′′ +
1

ρ2
x = 0 (1.49)

A,B

x(s) = A cos
s

ρ
+B sin

s

ρ
(1.50)

2∵ pz

11

(1.47)

x(s) = A cos
s

ρ
+B sin

s

ρ
+ γ0ρpz (1.51)

s = 0 (x0, px0) A,B

x(s) = x0 cos
s

ρ
+ ρpx0 sin

s

ρ
+ ρ

(
1− cos

s

ρ

)
γ0pz (1.52)

z′ =
∂H

∂pz
= −γ0

ρ
x

= −γ0
ρ
x0 cos

s

ρ
− γ0px0 sin

s

ρ
− γ20

(
1− cos

s

ρ

)
pz

(1.53)

s = 0 (z0, pz0)

z(s) = z0 − γ0x0 sin
s

ρ
− γ0ρpx0

(
1− cos

s

ρ

)
− γ20

(
s− ρ sin

s

ρ

)
pz0 (1.54)




x

px

y

py

z

pz




out

=




C ρS 0 0 0 ργ0(1− C)

−S/ρ C 0 0 0 γ0S

0 0 1 L 0

0 0 0 1 0 0

−γ0S −γ0ρ(1− C) 0 0 1 −γ20(L− ρS)

0 0 0 0 0 1







x

px

y

py

z

pz




in

(1.55)

C ≡ cos (L/ρ) , S ≡ sin (L/ρ) (∝ pz)

(∝ z)

1.7.3

1/ρ = 0

as = −k1
2

(
x2 − y2

)
, k1 =

qB0b1
p0

(1.56)

H =
p2x + p2y

2
+

1

2
k1

(
x2 − y2

)
+

p2z
2

(1.57)

pz = 0, k = 1/ρ2

cos, sin cosh, sinh




x

px

y

py

z

pz




out

=




C S/
√
k1 0 0 0 0

−
√
k1S C 0 0 0 0

0 0 Ch Sh

√
|k1| 0 0

0 0
√

|k1|Sh Ch 0 0

0 0 0 0 1 L

0 0 0 0 0 1







x

px

y

py

z

pz




in

(1.58)
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k1 > 0 C ≡ cos
√
k1L, S ≡ sin

√
k1L, Ch ≡ cosh

√
|k1|L, Sh ≡ sinh

√
|k1|L

k1 < 0
√
k1

√
−k1 (x, px) (y, py)

k1 > 0 (x) (y)

k1 > 0 x, y

Earnshaw

13

2

2.1

(pz = 0)

k(s)

s

H =
1

2
p2x +

1

2
k(s)x2 (2.1)

d2x

ds2
+ k(s)x = 0 (2.2)

Hill (2.2)

k

A, ϕ0, ω

x(s) = A cos(ωs+ ϕ0) (2.3)

w, ϕ s

x(s) = Aw(s) cos [ϕ(s) + ϕ0] (2.4)

k(s) Floquet

(2.4) (2.2)

−A(2w′ϕ′ + wϕ′′) sin(ϕ+ ϕ0) +A(w′′ − wϕ′2 + kw) cos(ϕ+ ϕ0) = 0 (2.5)

sin, cos sin

w(2w′ϕ′ + wϕ′′) =
(
w2ϕ′)′ = 0 (2.6)

c1, c2

ϕ =

∫
c1

w2(s)
ds+ c2 (2.7)

cos

w3
(
w′′ + kw

)
= c21 (2.8)

14
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|k1|L
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√
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k1 > 0 x, y

Earnshaw

13
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ds+ c2 (2.7)

cos

w3
(
w′′ + kw

)
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c1 = 1 Twiss

β(s) ≡ w2(s) (2.9)

α(s) ≡ −1

2

dβ(s)

ds
(2.10)

γ(s) ≡ 1 + α2(s)

β(s)
(2.11)

β(s), ϕ(s)

J

x(s) =
√

2Jβ(s) cos(ϕ(s) + ϕ0) (2.12)

ϕ =

∫
1

w2(s)
ds (2.13)

c2 s

x′(s) = px(s) = −

√
2J

β(s)
[sin(ϕ(s) + ϕ0) + α(s) cos(ϕ(s) + ϕ0)] (2.14)

γx2 + 2αxpx + βp2x = 2J (2.15)

2J Courant-Snyder s

Hill

J ϕ0 (2.8)

k(s)

C k(s) k(s + C) = k(s)

2π ν

ν ≡ ϕ(s0 + C)− ϕ(s0)

2π
=

1

2π

∫ s0+C

s0

ds

β(s)
(2.16)

s1 s2
(

x2

px2

)
= M

(
x1

px1

)
(2.17)

cos(ϕ(s1) + ϕ0) =
x1√

2Jβ(s1)
, sin(ϕ(s1) + ϕ0) =

√
β(s1)

2J
px1 +

α(s1)√
2Jβ(s1)

x1

cos(ϕ(s1) + ∆ϕ+ ϕ0) =
x2√

2Jβ(s2)
, sin(ϕ(s1) + ∆ϕ+ ϕ0) =

√
β(s2)

2J
px2 +

α(s2)√
2Jβ(s2)

x2

∆ϕ =

∫ s2

s1

ds

β(s)

(2.18)

15

slope = −α/β

x

px

√

2Jγ

−α
√

2J/β

√

2J/γ

√

2J/β

√

2Jβ

Area = 2πJ

Particle

2.1: (2.15)

s1 s2
M

M =




√
β2

β1
(cos(∆ϕ) + α1 sin∆ϕ)

√
β1β2 sin∆ϕ

− (α2−α1)+(1+α1α2 sin∆ϕ)√
β1β2

√
β1

β2
(cos(∆ϕ)− α1 sin∆ϕ)


 (2.19)

M =

(
1/
√
β2 0

α2/
√
β2

√
β2

)−1(
cos∆ϕ sin∆ϕ

− sin∆ϕ cos∆ϕ

)(
1/
√
β1 0

α1/
√
β1

√
β1

)
(2.20)

s
(

X

P

)
=

(
1/
√
β(s) 0

α(s)/
√
β(s)

√
β(s)

)(
x

px

)
(2.21)

(X,P )

s2 = s1 + C Twiss

M =

(
cos 2πν + α(s) sin 2πν β(s) sin 2πν

γ(s) sin 2πν cos 2πν − α(s) sin 2πν

)
(2.22)

M ”One turn matrix”

s (x, px) 2.1 (2.15)

ν

Twiss s

J

16
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c1 = 1 Twiss

β(s) ≡ w2(s) (2.9)

α(s) ≡ −1

2

dβ(s)

ds
(2.10)

γ(s) ≡ 1 + α2(s)

β(s)
(2.11)

β(s), ϕ(s)

J

x(s) =
√
2Jβ(s) cos(ϕ(s) + ϕ0) (2.12)

ϕ =

∫
1

w2(s)
ds (2.13)

c2 s

x′(s) = px(s) = −

√
2J

β(s)
[sin(ϕ(s) + ϕ0) + α(s) cos(ϕ(s) + ϕ0)] (2.14)

γx2 + 2αxpx + βp2x = 2J (2.15)

2J Courant-Snyder s

Hill

J ϕ0 (2.8)

k(s)

C k(s) k(s + C) = k(s)

2π ν

ν ≡ ϕ(s0 + C)− ϕ(s0)

2π
=

1

2π

∫ s0+C

s0

ds

β(s)
(2.16)

s1 s2
(

x2

px2

)
= M

(
x1

px1

)
(2.17)

cos(ϕ(s1) + ϕ0) =
x1√

2Jβ(s1)
, sin(ϕ(s1) + ϕ0) =

√
β(s1)

2J
px1 +

α(s1)√
2Jβ(s1)

x1

cos(ϕ(s1) + ∆ϕ+ ϕ0) =
x2√

2Jβ(s2)
, sin(ϕ(s1) + ∆ϕ+ ϕ0) =

√
β(s2)

2J
px2 +

α(s2)√
2Jβ(s2)

x2

∆ϕ =

∫ s2

s1

ds

β(s)

(2.18)

15

slope = −α/β

x

px

√

2Jγ

−α
√

2J/β

√

2J/γ

√

2J/β

√

2Jβ

Area = 2πJ

Particle

2.1: (2.15)

s1 s2
M

M =




√
β2

β1
(cos(∆ϕ) + α1 sin∆ϕ)

√
β1β2 sin∆ϕ

− (α2−α1)+(1+α1α2 sin∆ϕ)√
β1β2

√
β1

β2
(cos(∆ϕ)− α1 sin∆ϕ)


 (2.19)

M =

(
1/
√
β2 0

α2/
√
β2

√
β2

)−1(
cos∆ϕ sin∆ϕ

− sin∆ϕ cos∆ϕ

)(
1/
√
β1 0

α1/
√
β1

√
β1

)
(2.20)

s
(

X

P

)
=

(
1/
√

β(s) 0

α(s)/
√

β(s)
√

β(s)

)(
x

px

)
(2.21)

(X,P )

s2 = s1 + C Twiss

M =

(
cos 2πν + α(s) sin 2πν β(s) sin 2πν

γ(s) sin 2πν cos 2πν − α(s) sin 2πν

)
(2.22)

M ”One turn matrix”

s (x, px) 2.1 (2.15)

ν

Twiss s

J
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Twiss α, β, γ s s = s1
s = s2 (x1, px1) → (x2, px2)

(
x2

px2

)
=

(
m11 m12

m21 m22

)(
x1

px1

)
(2.23)

Courant-Snyder (2.15)

γ1x
2
1 + 2α1x1px1 + β1p

2
x1 = γ2x

2
2 + 2α2x2px2 + β2p

2
x2 (2.24)

det(M) = 1

(2.23)

(
x1

px1

)
=

(
m11 m12

m21 m22

)−1(
x2

px2

)
=

(
m22 −m12

−m21 m11

)(
x2

px2

)
(2.25)

(2.25) (2.24) x2, px2
Twiss




β2

α2

γ2


 =




m2
11 −2m11m12 m2

12

−m11m21 m11m22 +m12m21 −m12m22

m2
21 −2m21m22 m2

22







β1

α1

γ1


 (2.26)

M M λ

P tr(P ), det(P )

λ2 − tr(M)λ+ det(M) = 0 (2.27)

λ± =
tr(M)

2
±
√

tr(M)

2
− 1 (2.28)

det(M) = 1 v+,v−
N x a, b

xN = MN (av+ + bv−) =
(
λN
+av+ + λN

− bv−
)

(2.29)

limN→∞ xN |λ±| < 1 (2.28)

M

−2 ≤ tr(M) ≤ 2 (2.30)

M

(J, ϕ0)

(x, px)

ε ≡
∫

A
dxdpx (2.31)

17

A

(2.15)

2πJ

Waterbag

1 Σ

Σ ≡

(
⟨x2⟩ ⟨xpx⟩
⟨xpx⟩ ⟨p2x⟩

)
(2.32)

⟨v⟩ v ρ(x, px)

⟨v⟩ =
∫
ρ(x, px) v dxdpx∫
ρ(x, px) dxdpx

(2.33)

(2.31) (RMS) εrms

εrms ≡ det(Σ) =
√
⟨x2⟩⟨p2x⟩ − ⟨xpx⟩2 (2.34)

Σ2 = M t Σ1 M (2.35)

P P t

det(Σ2) = det(M t) det(Σ1) (det(M) (2.36)

det(M) = 1

det(P ) = det(P t) RMS

(⟨ϕ⟩ = 0) (2.12)

(2.14) Twiss

Σ = εrms

(
β −α

−α γ

)
(2.37)

Twiss (2.2)

(2.37) Twiss

(βb, αb, γb)

βb ≡
⟨x2⟩
εrms

, αb ≡ −⟨xpx⟩
εrms

, γb ≡
⟨p2x⟩
εrms

=
1 + α2

b

βb
(2.38)

1

18
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Twiss α, β, γ s s = s1
s = s2 (x1, px1) → (x2, px2)

(
x2

px2

)
=

(
m11 m12

m21 m22

)(
x1

px1

)
(2.23)

Courant-Snyder (2.15)

γ1x
2
1 + 2α1x1px1 + β1p

2
x1 = γ2x

2
2 + 2α2x2px2 + β2p

2
x2 (2.24)

det(M) = 1

(2.23)

(
x1

px1

)
=

(
m11 m12

m21 m22

)−1(
x2

px2

)
=

(
m22 −m12

−m21 m11

)(
x2

px2

)
(2.25)

(2.25) (2.24) x2, px2
Twiss




β2

α2

γ2


 =




m2
11 −2m11m12 m2

12

−m11m21 m11m22 +m12m21 −m12m22

m2
21 −2m21m22 m2

22







β1

α1

γ1


 (2.26)

M M λ

P tr(P ), det(P )

λ2 − tr(M)λ+ det(M) = 0 (2.27)

λ± =
tr(M)

2
±
√

tr(M)

2
− 1 (2.28)

det(M) = 1 v+,v−
N x a, b

xN = MN (av+ + bv−) =
(
λN
+av+ + λN

− bv−
)

(2.29)

limN→∞ xN |λ±| < 1 (2.28)

M

−2 ≤ tr(M) ≤ 2 (2.30)

M

(J, ϕ0)

(x, px)

ε ≡
∫

A
dxdpx (2.31)

17

A

(2.15)

2πJ

Waterbag

1 Σ

Σ ≡

(
⟨x2⟩ ⟨xpx⟩
⟨xpx⟩ ⟨p2x⟩

)
(2.32)

⟨v⟩ v ρ(x, px)

⟨v⟩ =
∫
ρ(x, px) v dxdpx∫
ρ(x, px) dxdpx

(2.33)

(2.31) (RMS) εrms

εrms ≡ det(Σ) =
√
⟨x2⟩⟨p2x⟩ − ⟨xpx⟩2 (2.34)

Σ2 = M t Σ1 M (2.35)

P P t

det(Σ2) = det(M t) det(Σ1) (det(M) (2.36)

det(M) = 1

det(P ) = det(P t) RMS

(⟨ϕ⟩ = 0) (2.12)

(2.14) Twiss

Σ = εrms

(
β −α

−α γ

)
(2.37)

Twiss (2.2)

(2.37) Twiss

(βb, αb, γb)

βb ≡
⟨x2⟩
εrms

, αb ≡ −⟨xpx⟩
εrms

, γb ≡
⟨p2x⟩
εrms

=
1 + α2

b

βb
(2.38)

1
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Twiss (β, α) Twiss

(βb, αb)

Twiss
2

γ0xpz/ρ

(x, px)

δ = ∆p/p0 = (p − p0)/p0 3 × 3

δ = γ0pz




x

px

pz




s=s0+C

=




m11 m12 m16

m21 m22 m26

0 0 1







x

px

pz




s=s0

(2.39)

mij M i j pz (2.39)

(x̃, p̃x, pz)

(
x̃

p̃x

)
=

(
1−m11 −m12

−m21 1−m22

)−1(
m16

m26

)
pz (2.40)

Dx( s D′
x)

(
Dx

D′
x

)
=

∂

∂(∆p/p0)

(
x̃

p̃x

)
=

∂

∂(γ0pz)

(
x̃

p̃x

)
(2.41)

(2.40)

(
Dx

D′
x

)
=

(
1−m11 −m12

−m21 1−m22

)−1(
m16/γ0

m26/γ0

)
(2.42)

(2.42) D,D′

100% 3

s1 s2
(

Dx

D′
x

)

s=s2

=

(
m11 m12

m21 m12

)(
Dx

D′
x

)

s=s1

+

(
m16/γ0

m26/γ0

)
(2.43)

(1.55)

(
Dx

D′
x

)

s=s2

=

(
C ρS

S/ρ C

)(
Dx

D′
x

)

s=s1

+

(
ρ(1− C)/γ0

S/γ0

)
(2.44)

2

Twiss

3 100%

19

L

QD QF

L

Beam

QF

K

K
−1

(a) (b)

2.2: (a) (b)FODO

(x, px)

(x, px)

(xb, pxb) (xd, pxd)

x = xβ + xδ = xβ +Dxγ0pz

px = pxβ + pxδ = pxβ +D′
xγ0pz

(2.45)

xpz
s 4

FODO

2.2 (QF QD)

FODO 5

FODO

(Thin lens)

QF QD (1.58)
√
k1l = K = const.

l → 0

MQF,QD =

(
1 0

∓K 1

)
(2.46)

M =

(
1 0

−K 1

)(
1 L

0 1

)(
1 0

K 1

)(
1 L

0 1

)
(2.47)

=

(
1 +KL 2L+KL2

−K2L 1−KL−K2L2

)
(2.48)

4

5FODO F Focusing magnet D Defocusing magnet FODO O
0( ) O( )

20
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Twiss (β, α) Twiss

(βb, αb)

Twiss
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=
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pz




s=s0

(2.39)

mij M i j pz (2.39)

(x̃, p̃x, pz)
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x̃

p̃x

)
=

(
1−m11 −m12

−m21 1−m22

)−1(
m16

m26

)
pz (2.40)

Dx( s D′
x)

(
Dx

D′
x

)
=

∂

∂(∆p/p0)

(
x̃

p̃x

)
=

∂

∂(γ0pz)

(
x̃

p̃x

)
(2.41)

(2.40)

(
Dx

D′
x

)
=

(
1−m11 −m12

−m21 1−m22

)−1(
m16/γ0

m26/γ0

)
(2.42)

(2.42) D,D′

100% 3

s1 s2
(

Dx

D′
x

)

s=s2

=

(
m11 m12

m21 m12

)(
Dx

D′
x

)

s=s1

+

(
m16/γ0

m26/γ0

)
(2.43)

(1.55)

(
Dx

D′
x

)

s=s2

=

(
C ρS

S/ρ C

)(
Dx

D′
x

)

s=s1

+

(
ρ(1− C)/γ0

S/γ0

)
(2.44)

2

Twiss

3 100%
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L

QD QF

L

Beam

QF

K

K
−1

(a) (b)

2.2: (a) (b)FODO

(x, px)

(x, px)

(xb, pxb) (xd, pxd)

x = xβ + xδ = xβ +Dxγ0pz

px = pxβ + pxδ = pxβ +D′
xγ0pz

(2.45)

xpz
s 4

FODO

2.2 (QF QD)

FODO 5

FODO

(Thin lens)

QF QD (1.58)
√
k1l = K = const.

l → 0

MQF,QD =

(
1 0

∓K 1

)
(2.46)

M =

(
1 0

−K 1

)(
1 L

0 1

)(
1 0

K 1

)(
1 L

0 1

)
(2.47)

=

(
1 +KL 2L+KL2

−K2L 1−KL−K2L2

)
(2.48)

4

5FODO F Focusing magnet D Defocusing magnet FODO O
0( ) O( )
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2.4: βQD,QF µ

(2.30)

−2 ≤ 2−K2L2 ≤ 2 → L < 2/K (2.49)

K−1

(2.48) (2.22) Twiss

µ

{
2 cosµ = 2−K2L2 (2.50)

β sinµ = L+KL2 (2.51)

µ = 2πν µ

sin2
µ

2
=

K2L2

4
(2.52)

2.3 KL µ

QF βQF

βQF =
2L

sinµ

(
1 + sin

µ

2

)
(2.53)

QD βQD K → −K

βQD =
2L

sinµ

(
1− sin

µ

2

)
(2.54)

2.4 βQD,QF µ µ

µ
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2.2

d2x

ds2
+ k(s)x = 0 (2.55)

C

2.2.1

s = s0
(

x0

px0

)
→

(
x0

px0 +∆k0

)
(2.56)

C (x0, px0)

M

M

(
x0

px0 +∆k0

)
=

(
x0

px0

)
(2.57)

(x0, px0)

(
x0

px0

)
= (I −M)−1

(
0

∆k0

)
(2.58)

I

x0 =
β0

2 sinπνx
∆k0 cosπν (2.59)

px0 =
β0

2 sinπνx
∆k0 (sinπνx − α0 cosπν) (2.60)

s s0 s (2.19)

x(s) =

√
β(s)β0

2 sinπνx
∆k0 cos(|ϕ(s)− ϕ0| − πν) (2.61)

ν

∆ki

x(s) =

√
β(s)

2 sinπνx

∑
i

√
βi∆ki cos(|ϕ(s)− ϕi| − πν) (2.62)

x(s) =

√
β(s)

2 sinπνx

∮ √
β(s′)∆k(s′) cos(|ϕ(s)− ϕ(s′)| − πν)ds′ (2.63)
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I
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x(s) =

√
β(s)β0

2 sinπνx
∆k0 cos(|ϕ(s)− ϕ0| − πν) (2.61)

ν

∆ki

x(s) =

√
β(s)

2 sinπνx

∑
i

√
βi∆ki cos(|ϕ(s)− ϕi| − πν) (2.62)

x(s) =

√
β(s)

2 sinπνx

∮ √
β(s′)∆k(s′) cos(|ϕ(s)− ϕ(s′)| − πν)ds′ (2.63)

22



２－ 22

”Closed orbit

distortion” COD

COD

(2.62)

⟨x(s)2⟩ = β(s)

4 sin2 πνx

〈(∑
i

√
βi∆ki cos(|ϕ(s)− ϕi| − πν)

)2〉
(2.64)

⟨x(s)2⟩ ∼ β(s)

4 sin2 πνx

〈∑
i

βi∆k2i cos
2(|ϕ(s)− ϕi| − πν)

〉

=
β(s)

8 sin2 πνx

〈∑
i

βi∆k2i

〉 (2.65)

βi ∆ki Nerror

⟨x(s)2⟩ = β(s)

8 sin2 πνx
Nerror⟨βi⟩⟨∆k2i ⟩ (2.66)

(1.37)

x → ∆x −k1∆x

(2.66)

⟨x(s)2⟩ = β(s)

8 sin2 πνx
Nerror⟨βi⟩⟨k21i⟩⟨∆x2i ⟩ (2.67)

COD

σx =
√
⟨∆x2i ⟩

COD

COD (2.62)

COD Twiss Twiss

2.5 SuperKEKB

COD COD

(2.62)

2.2.2

s = s0
(

1 0

−∆k1 1

)
(2.68)

23
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δ
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x
)
[µ
m
]

(a) Model (b) Measurement

(c) Measurement - Model

2.5: SuperKKEK COD

(a) (2.67) (b) (c) s = 0

M

M =

(
cos 2πν + α(s) sin 2πν β(s) sin 2πν

γ(s) sin 2πν cos 2πν − α(s) sin 2πν

)
(2.69)

=

(
1 0

−∆k1 1

)(
cos 2πν0 + α0 sin 2πν0 β0 sin 2πν0

γ0 sin 2πν0 cos 2πν0 − α0 sin 2πν0

)
(2.70)

=

(
cos 2πν0 + α0 sin 2πν0 β0 sin 2πν0

−∆k1 (cos 2πν0 + α0 sin 2πν0) + γ0 sin 2πν0 −∆k1β0 sin 2πν0 + cos 2πν0 − α0 sin 2πν0

)

(2.71)

cos 2πν =
1

2
tr(M) = cos 2πν0 −

1

2
∆k1β0 sin 2πν0 (2.72)

(2.72) ∆k1 > 0 n ν0

n

2
−W < ν0 <

n

2
, W =

1

π
tan−1 ∆k1β0

2
(2.73)

∆k1 < 0

( )

2.6 (2.72)

ν ν0
ν = ν0 +∆ν ∆ν (2.72)

∆ν =
1

4π
∆k1β0 (2.74)
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n

2
, W =
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π
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tan−1(∆k1β0/2)/π
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ν0
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0.4
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0.7

0.8

0.9

1.0

ν

∆k1 > 0

∆k1 < 0

2.6: (2.72) ν ν0

s = si

∆ν =
1

4π

∑
i

∆ki1βi (2.75)

∆ν =
1

4π

∮
∆k1(s

′)β(s′)ds′ (2.76)

6

M(s → s+ C)

M(s → s+ C) = M0(s0 → s+ C)

(
1 0

−∆k1 1

)
M0(s → s0)

=

(
b11 b12

b21 b22

)(
1 0

−∆k1 1

)(
a11 a12

a21 a22

) (2.77)

β = β0 +∆β

[β0(s) + ∆β(s)] sin [2π (ν0 +∆ν)] = b11a12 + b12a22 − b12a12∆k1

= β0 sin 2πν0 − b12a12∆k1
(2.78)

(2.74)

∆β(s)

β0(s)
= −∆k1β0(s0)

2 sin 2πν0
cos [2|ϕ0(s)− ϕ0(s0)| − πν] (2.79)

s = si

∆β(s)

β0(s)
=

∑
i

−∆ki1β0(si)

2 sin 2πν0
cos [2|ϕ0(s)− ϕ0(si)| − πν] (2.80)

6

” ”

25

∆β(s)

β0(s)
= − 1

2 sin 2πν0

∮
∆k1(s

′)β0(s
′) cos

[
2|ϕ0(s)− ϕ0(s

′)| − πν
]
ds′ (2.81)

(2.81)

2.2.3

n

ν = n/3

(x) (y) k, l, N

(νx, νy)

kνx + lνy = N (2.82)

|k|+|l| =
N N 2.7 (νx, νy)

(2.82) (N ≤ 3)

C

s = s0

d2x

ds2
+ k(s)x = ∆k0δp(s) (2.83)

k

m ω

d2x

dt2
+

k

m
x = F cos(ωt) (2.84)

ω0 =
√
k/m A, ϕ

x(t) = A cos(ω0t+ ϕ) +
F

ω2
0 − ω2

[cos(ωt)− cos(ω0t)] (2.85)

ω0 ω

C n cos(2πns/C)

δp(s) =
1

C
+

2

C

∞∑
n=1

cos

(
2πns

C

)
(2.86)

C
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2.7: (N = 1, 2, 3)

2.3 ( )

2.3.1

(1.34)

(1.26) ρ = 0, (Ax, Ay) = 0 As

H ∼ −p+
p2x + p2y

2p
+

p0
2
k1(x

2 − y2)

(2.87)

δ = (p− p0)/p0 p0

H = −(1 + δ) +
p2x + p2y
2(1 + δ)

+
1

2
k1(x

2 − y2)

(2.88)

27

d2x

ds2
+

k1
1 + δ

x = 0 (2.89)

d2y

ds2
− k1

1 + δ
y = 0 (2.90)

δ 1/(1 + δ)

δ ≪ 1

d2x

ds2
+ (1− δ)k1x = 0 (2.91)

d2y

ds2
− (1− δ)k1y = 0 (2.92)

(2.76)

∆νx = − 1

4π
δ

∮
k1(s)βx(s)ds

∆νy =
1

4π
δ

∮
k1(s)βy(s)ds

(2.93)

δ

(2.93)

ξx =
∂νx
∂δ

= − 1

4π

∮
k1(s)βx(s)ds

ξy =
∂νy
∂δ

=
1

4π

∮
k1(s)βy(s)ds

(2.94)

(k1 > 0) βx βy
(k1 < 0) βx βy

(2.94) ξx, ξy

2.3.2

(1.42)

As = −B0b2
3

(
x3 − 3xy2

)
(2.95)

H =
p2x + p2y

2
+

1

6
k2

(
x3 − 3xy2

)
(2.96)

k2 = 2qB0b2/p0

d2x

ds2
+

k2
2
(x2 − y2) = 0 (2.97)

d2y

ds2
− k2xy = 0 (2.98)
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(2.76)

∆νsextx =
1

4π
δ

∮
k2(s)Dx(s)βx(s)ds
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∮
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∮
k2(s)Dx(s)βy(s)ds

(2.103)

(2.94) (2.103)
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δ C C0
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C0
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2 + αc3δ
3 + · · · (3.1)

αc ( )

3.1

dC

dC =

(
1 +

1

ρ
x
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ds =
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1 +

Dx

ρ
δ

)
ds (3.2)
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Dx(s)

ρ(s)
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∆T/T0 T T = L/(cβ)

∆T

T0
=

∆C
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− ∆β

β0
(3.4)
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αc

∆T

T0
=

(
αc − γ20

)
δ = ξδ (3.5)

ξ ≡ αc − γ20 (3.6)

ξ ξ

( ) ( ) ξ = 0

”

”

γ γt

γt ≡
1

√
αc

(3.7)

SuperKEKB 1/γ20 ≪ 1 ξ

αc αc > 0 ξ > 0

γ0

ξ < 0 ξ = 0

ξ > 0

(ρ < 0)

αc

3.2

V (t) = Vrf sin(ωrft+ ϕs) (3.8)
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3.2: ( ) (3.8)

31
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t = 0 ωrf ωs ωrf = hωs

h h

3.2 (3.8)

h (Bunching)

h

180 (ϕs − π)

ϕs

ωrf

β0c

ωrf

ωrf

3.3

3.3.1

V (t)

V (t) = Vrf sin(hωst+ ϕs), ωs = ωrf/h (3.9)

∆Es = qVrf sinϕs (3.10)

fs = ωs/2π

dEs

dt
=

ωs

2π
qVrf sinϕs (3.11)

∆E = E−Es

ω, ϕ

dE

dt
=

ω

2π
qVrf sinϕ (3.12)

(3.11) (3.12) ωs, ω

1

ω

dE

dt
− 1

ωs

dEs

dt
=

1

ωs

d(∆E)

dt
− ω − ωs

ω2
s

dE

dt

∼ 1

ωs

d(∆E)

dt
+

[
dE

dt

∆(1/ωs)

∆E

]
∆E + · · ·

=
d

dt

(
∆E

ωs

)
(3.13)

32



２－ 31

αc

∆T

T0
=

(
αc − γ20

)
δ = ξδ (3.5)

ξ ≡ αc − γ20 (3.6)

ξ ξ

( ) ( ) ξ = 0

”

”

γ γt

γt ≡
1

√
αc

(3.7)

SuperKEKB 1/γ20 ≪ 1 ξ

αc αc > 0 ξ > 0

γ0

ξ < 0 ξ = 0

ξ > 0

(ρ < 0)

αc

3.2

V (t) = Vrf sin(ωrft+ ϕs) (3.8)

−1.571 0.000 1.571 3.142

RF phase [rad]

−1

0

1

V
r
f
[a
rb
.u
n
it
]

π/2 π/2−π/2 0 3π/2π

Acceleration

DecelerationDeceleration

Lower energy particle

Higher energy particle

Synchronous particle

ξ > 0ξ < 0

RF phase φ [rad]

Vrf

−Vrf

3.2: ( ) (3.8)

31

ϕs ϕs = π

t = 0 ωrf ωs ωrf = hωs

h h

3.2 (3.8)

h (Bunching)

h

180 (ϕs − π)

ϕs

ωrf

β0c

ωrf

ωrf

3.3

3.3.1

V (t)

V (t) = Vrf sin(hωst+ ϕs), ωs = ωrf/h (3.9)

∆Es = qVrf sinϕs (3.10)

fs = ωs/2π

dEs

dt
=

ωs

2π
qVrf sinϕs (3.11)

∆E = E−Es

ω, ϕ

dE

dt
=

ω

2π
qVrf sinϕ (3.12)

(3.11) (3.12) ωs, ω

1

ω

dE

dt
− 1

ωs

dEs

dt
=

1

ωs

d(∆E)

dt
− ω − ωs

ω2
s

dE

dt

∼ 1

ωs

d(∆E)

dt
+

[
dE

dt

∆(1/ωs)

∆E

]
∆E + · · ·

=
d

dt

(
∆E

ωs

)
(3.13)

32



２－ 32

d

dt

(
∆E

ωs

)
=

qVrf

2π
(sinϕ− sinϕs) (3.14)

2π θ

θ ∆ϕ = ϕ− ϕs = −hθ ∆ω

∆ω =
d

dt
∆θ = −1

h

d

dt
∆ϕ = −1

h

dϕ

dt
(3.15)

(3.5)

∆ω = −ξδω0 (3.16)

dϕ

dt
= hω0ξδ (3.17)

(3.14) (3.17)



dϕ

dt
= hωsξδ (3.18)

d

dt

(
β2
sEsδ

ωs

)
=

qVrf

2π
(sinϕ− sinϕs) (3.19)

δ = ∆Es/(β
2
sEs) ϕ δ

(ϕ, δ)



dϕ

dt
= hωsξδ (3.20)

dδ

dt
=

qωsVrf

2πβ2
sEs

(sinϕ− sinϕs) (3.21)

(3.21)

(|∆ϕ| = |ϕ− ϕs| ≪ 1)

(3.20) (3.21)

d2∆ϕ

dt2
=

hqω2
sVrfξ cosϕs

2πβ2
sEs

∆ϕ (3.22)

qVrf > 0

ξ cosϕs < 0 (3.23)

ϕs γt

{
0 ≤ ϕs ≤ π/2 for γs < γt or ξ < 0 (3.24)

π/2 ≤ ϕs ≤ π for γs > γt or ξ > 0 (3.25)

3.2

ωs

νs =

√
hqVrf |ξ cosϕs|

2πβ2
sEs

(3.26)
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3.3.2

(3.20)

(3.21)

(1.28)

H(x, px, y, py, t,−E; s) =

−
(
1 +

x

ρ

)
ps − ps

∆E

β2
sEs

+
ps
2γ2s

(
∆E

β2
sEs

)2

− ps
x

ρ

∆E

β2
sEs

+
1

2ps

[
(px − qAx)

2 + (py − qAy)
2
]
− qAs (3.27)

(β0, γ0, p0, E0) → (βs, γs, ps, Es) Ax = Ay = 0 As

Arf

H(x, px, y, py, t,−E; s) =

−ps − ps
∆E

β2
sEs

+
ps
2γ2s

(
∆E

β2
sEs

)2

− ps
∆E

β2
sEs

x

ρ
+

p2x + p2y
2ps

+
ps
2
K1(x

2 − y2)−Arf

(3.28)

s = 0 Erf

Erf = −∂As

∂t
= Vrfδp(s) sin(ωrft+ ϕs) (3.29)

δp C = 2πR

Es t = 0 ϕ = ϕs

Arf =
Vrf

ωrf
δp(s) cos(ωrft+ ϕs) (3.30)

Es ∆E

F1(x, p̂x, t,−∆̂E) =

(
x−D

∆̂E

β2
sEs

)
p̂x −

(
Es + ∆̂E

)
t+D′psx

∆̂E

β2
sEs

− 1

2
DD′ps

(
∆̂E

β2
sEs

)2

(3.31)

p̂x = px − psD
′ ∆̂E

β2
sEs

, x̂ = x−D
∆̂E

β2
sEs

(3.32)

∆̂E = E − Es , t̂ = t+
D

β2
sEs

p̂x −
D′

βsc
x̂ (3.33)
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D s

H1 =− ps − ps
∆̂E

β2
sEs

+
ps
2γ2s

(
∆̂E

β2
sEs

)2

− ps
∆̂E

β2
sEs

1

ρ

(
x̂+D

∆̂E

β2
sEs

)

+
1

2ps


p̂2x + 2D′psp̂x

∆̂E

β2
sEs

+D′2p2s

(
∆̂E

β2
sEs

)2

+

ps
2
K1


x̂2 + 2Dx̂

∆̂E

β2
sEs

+D2

(
∆̂E

β2
sEs

)2



− qArf(t̂; s) +
∂F1

∂s
(3.34)

∂F1/∂s D,D′, ps ∆̂E/β2
sEs s

Es D,D′ s ∂F1/∂s

∂F1

∂s
= −D′ ∆̂E

β2
sEs

p̂x +D′′ps

(
x̂+D

∆̂E

β2
sEs

)
∆̂E

β2
sEs

− ps
2

(
D′2 +DD′′)

(
∆̂E

β2
sEs

)2

− qVrfδp(s)

(
t̂− D

β2
sEs

p̂x +
D′

βsc
x̂

)
sinϕs

(3.35)

∂Es

∂s
= qVrfδp(s) sinϕs (3.36)

(3.34)

H2 = −ps − ps
∆̂E

β2
sEs

+
1

2ps
p̂2x +

ps
2
K1x̂

2

− ps
2

[
−D

(
D′′ +K1D − 2

ρ

)
− 1

γ2s

]
− ps

(
D′′ +K1D +

1

ρ

)
x̂
∆̂E

β2
sEs

− qVrfδp(s)

(
t̂− D

β2
sEs

p̂x +
D′

βsc
x̂

)
sinϕs − qArf(t̂; s)

D(s) x̂∆̂E

D′′ +K1D =
1

ρ
(3.37)

D(s)

x̂∆̂E

(3.37) (3.37)

H3 = −ps
∆̂E
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sEs
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(
D
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γ2s
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β2
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p̂2x
2ps
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− qVrfδp(s)

(
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p̂x +
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βsc
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sinϕs −

qVrf

ωrf
δp(s) cos
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ωrf

(
t̂− D

β2
sEs

p̂x +
D′

βsc
x̂

)
+ ϕs

]

(3.38)

−ps
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(3.38)

H3 = Hx +Hs (3.39)

Hx =
p̂2x
2ps

+
ps
2
K1x̂

2 (3.40)

Hs = −ps
∆̂E

β2
sEs
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2

(
D

ρ
− 1

γ2s

)(
∆̂E

β2
sEs

)2

− qVrf t̂δp(s) sinϕs −
qVrf

ωrf
δp(s) cos

(
ωrf t̂+ ϕs

)

(3.41)

Hx Hs

Hs

F2 =

(
ωrf t̂−

hs

R
+ ϕs

)
W, ωrf = hωs (3.42)

W = −∆̂E

ωrf
= −R

h
ps

∆̂E

β2
sEs

, ϕ = ωrf t̂−
hs

R
+ ϕs (3.43)
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rf
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ωrf
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Ĥs ∼ −
ω2
rfξ

2β3
scEs

W 2 − qVrf

2πωrfR
cosϕ− qVrf sinϕs

2πωrfR
ϕ (3.45)

ξ (3.5)

ξ =
1

2πR

∫ (
D

ρ
− 1

γ2s

)
ds (3.46)




dϕ

ds
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∂W
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ω2
rfξ
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scEs

W (3.47)

dW

ds
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∂ϕ
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(sinϕ− sinϕs) (3.48)

s = βsct, W = −β2
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dt
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ξ (3.5)

ξ =
1

2πR

∫ (
D

ρ
− 1

γ2s

)
ds (3.46)
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∂Ĥs

∂W
= −

ω2
rfξ

β3
scEs

W (3.47)

dW

ds
= −∂Ĥs
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∂q
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z = (z1, z2) = (q, p) (4.2)

J =

(
0 1

−1 0

)
(4.3)

dzi
dt

= Jij
∂H

∂zj
(4.4)
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dZi

dt
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∂Zj
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(4.8)
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MJM t = J (4.9)

1

M

(4.9)

det(M) = 1 (4.10)

2

s = si
s = si+1

4.2

[6]

H =
1

2
p2x +

1

2
kx2, k > 0 (4.11)

M

M =

(
cos

√
kL sin

√
kL/

√
k

−
√
k cos

√
kL cos

√
kL

)
(4.12)

M = L0

(
1 0

0 1

)
+ L1

(
0 1

−k 0

)
+ L2

(
−k/2 0

0 −k/2

)
+ · · · (4.13)

L

M =

(
1 L

−kL 1

)
+O(L2) (4.14)

det(M) ̸= 1

−kL2 O(L1)

M =

(
1 L

−kL 1− kL2

)
+O(L2) (4.15)

1 ”Symplectic” ”Complex”
Hermann Weyl(1885-1955)

2 det(M) = 1 (4.9)
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4.5: (4.15)(O(L1)), (4.17)(O(L2)) (4.30)(O(L4))

α, β, γ, δ

β =
1− 21/3

2(2− 21/3)
= −0.1756 · · · (4.34)

α =
1

2
− β =

1

2(2− 21/3)
= 0.6756 · · · (4.35)

γ =
1

24β2
=

1

2− 21/3
= 1.3512 · · · (4.36)

δ = 1− 2γ = − 21/3

2− 21/3
= −1.7024 · · · (4.37)

O(L4) β, δ (4.30)

4.4

4.5 (4.15), (4.17)

(4.30)

(4.15) (4.30)
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4.3 Lie

s1 s2

xs=s2 = M◦ xs=s1 (4.38)

M M
M

Lie

(qi, pi) f(qi, pi), g(qi, pi) [, ]

[f, g] =

n∑
i=1

(
∂f

∂qi

∂g

∂pi
− ∂f

∂pi

∂g

∂qi

)
(4.39)

n

[f, g] = − [f, g] (4.40)

d

dt
[f, g] = [

df

dt
, g] + [f,

dg

dt
] (4.41)

[fg, h] = f [g, h] + [f, h] g (4.42)

[αf + βg, h] = α [f, h] + β [g, h] (4.43)

[f, [g, h]] + [h, [f, g]] + [g, [h, f ]] = 0 (4.44)

H

[qi, H] =
∂H

∂pi
=

dxi
ds

(4.45)

[pi, H] = −∂H

∂qi
=

dpi
ds

(4.46)

(qi, pi) s f

df

ds
= [f,H] +

∂f

∂s
(4.47)

f s (∂f/∂s = 0) [f,H] = 0

df/ds = 0 f f

s

dH

ds
= [H,H] = 0 (4.48)
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s = s1 (qi1, pi1) s = s2 (qi2, pi2)

(4.9)

[q2i, qj2] = 0,

[q2i, pj2] = − [p2i, qj2] = δij ,

[p2i, pj2] = 0

[f, g] =
n∑

i=1

(
∂f

∂q1i

∂g

∂p1i
− ∂f

∂p1i

∂g

∂q1i

)
(4.49)

δij

δij =




1 (i = j)

0 (i ̸= j)
(4.50)

Lie

Lie : f :

: f : g = [f, ] =

n∑
i=1

(
∂f

∂qi

∂

∂pi
− ∂f

∂pi

∂

∂qi

)
(4.51)

g f g

: f : g = [f, g] (4.52)

n = 1 (x, p)

Lie H

dx

ds
= − : H : x,

dp

ds
= − : H : p

(4.53)

Lie

: x :=
∂

∂p
, : p := − ∂

∂x
, (4.54)

(: x :)2 =
∂2

∂p2
, (: p :)2 =

∂2

∂x2
, (4.55)

: x2 := 2x
∂

∂p
, : p2 := −2p

∂

∂x
, (4.56)

: xp := p
∂

∂p
− x

∂

∂x
, : x :: p :=: p :: x := − ∂2

∂x∂p
(4.57)

: p2 : x = −2p, (4.58)

: p2 : p = 0, (4.59)

(: p2 :)2x = : p2 : (: p2 : x) =: p2 : (−2p) = 0, (4.60)

(: p2 :)2p = : p2 : (: p2 : p) =: p2 : (0) = 0 (4.61)
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-Lie -

(4.53) x(s) = e−s:H:x(0)

Lie f (q, p)

(: f :)2g =: f : (: f : g) = [f, [f, g]]

(: f :)3g =: f : (: f : (: f : g)) = [f, [f, [f, g]]]

· · ·

(4.62)

e:f :

e:f : =

∞∑
m=0

1

m!
(: f :)m = 1+ : f : +

1

2!
(: f :)2 +

1

3!
(: f :)3 + · · · (4.63)

e:f : Lie f Lie

Lie

f = −L

2
p2 (4.64)

(x, p)

e:−Lp/2:x = x− 1

2
L : p2 : x+

1

8
L2(: p2 :)2x+ · · · = x+ Lp (4.65)

e:−Lp/2:p = x− 1

2
L : p2 : p+ · · · = p (4.66)

(4.64)

f

f = −L

2
(kx2 + p2), (k > 0) (4.67)

(: f :)mx

(: f :)0x = x,

(: f :)1x =

(
∂f

∂x

∂x

∂p
− ∂f

∂p

∂x

∂x

)
= Lp,

(: f :)2x = L : f : p = L

(
∂f

∂x

∂p

∂p
− ∂f

∂p

∂p

∂x

)
= −kL2x,

(: f :)3x = −kL2 : f : x = −kL2

(
∂f

∂x

∂x

∂p
− ∂f

∂p

∂x

∂x

)
= −kL3p,

(: f :)4x = −kL3 : f : p = −kL3

(
∂f

∂x

∂p

∂p
− ∂f

∂p

∂p

∂x

)
= k2L4x,

(: f :)5x = k2L4 : f : x = k2L4

(
∂f

∂x

∂x

∂p
− ∂f

∂p

∂x

∂x

)
= k2L5p,

· · ·

(4.68)
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− ∂f
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n

(: f :)2nx = (−1)nknL2nx, (: f :)2n+1x = (−1)nknL2n+1p (4.69)

e:f :x =

∞∑
m=0

: f :n

m!
x =

∞∑
n=0

(: f :)2nx

2n!
+

∞∑
n=0

(: f :)2n+1x

(2n+ 1)!

= x
∞∑
n=0

(−1)n

2n!

(√
kL

)2n
+

p√
k

∞∑
n=0

(−1)n

(2n+ 1)!

(√
kL

)2n+1

= x cos
(√

kL
)
+

p√
k
sin

(√
kL

)
(4.70)

Lie e:f :p

e:f :p =

∞∑
m=0

(−1)m
: f :n

m!
p = −

√
kx

∞∑
n=0

(−1)n

(2n+ 1)!

(√
kL

)2n+1
+ p

∞∑
n=0

(−1)n

2n!

(√
kL

)2n

= −x
√
k sin

(√
kL

)
+ p cos

(√
kL

) (4.71)

(1.58) Lie

L H

Lie

x → e−L:H:x

p → e−L:H:p
(4.72)

(x, p) Lie (4.72)

H =
k

6
(x3 − 3xy2) +

p2x + p2y
2

(4.73)

Lie (: H :)mx

(: H :)0x = x,

(: H :)1x = −∂H

∂px
= −px,

(: H :)2x = − : H : px = −∂H

∂x

∂px
∂px

= −k

2
(x2 − y2),

(: H :)3x = −k

2
: H : (x2 − y2) = −k

2

(
−∂H

∂px

∂x2

∂x
+

∂H

∂py

∂y2

∂y

)
= k(xpx − ypy),

(: H :)4x = k : H : (xpx − ypy)

= k

(
∂(xpx)

∂px

∂H

∂x
− ∂H

∂px

∂(xpx)

∂x
− ∂H

∂y

∂(ypy)

∂py
+

∂H

∂py

∂(ypy)

∂y

)

= k

[
−p2x + p2y +

k

2
(x2 + y2)

]
,

(: H :)5x = O(k2)

· · ·

(4.74)
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L

e−L:H:x = x+ pxL− 1

4
kL2(x2 − y2)− 1

6
kL3(xpx − ypy)

+
1

24
kL4

[
−p2x + p2y +

k

2
(x2 + y2)

]
+O(k2L5)

(4.75)

Mathematica

Lie

4.2

Lie

Baker-Campbell-Hausdorff

e:f :, e:g: f g [f, g] = 0

e:f :e:g: = e:f+g: (4.76)

[f, g] ̸= 0

(4.76) Baker-Campbell-Hausdorff(BCH)

e:f :e:g: = e:h:

h = A+B +
1

2
[f, g] +

1

12
[f [f, g]] + [g [g, f ]] +

1

24
[f, [g, [g, [f, ]]]] · · ·

(4.77)

n H

H = kxn +
p2

2
(4.78)

n = 3

H

H = Hk +Hd, Hk = kxn, Hd =
p2

2
(4.79)

Hk, Hd L Lie

e−L:Hd:x = x+ pL, e−L:Hd:p = p

e−L:Hk:x = x, e−L:Hk:p = p− nkxn−1
(4.80)
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BCH (4.77)

e−L:Hd:e−L:Hk: = e−L:H− 1
2
L[Hd,Hk]+O(L3): = e−L:H+O(L2): (4.81)

(4.80) (4.15)

Lie

Lie

4.2

α, β (4.81)

e−αL:Hd:e−L:Hk:e−βL:Hd: (4.82)

BCH α, β

e−αL:Hd:e−L:Hk:e−βL:Hd: = e−αL:Hd:e−L:Hk+βHd− 1
2
βL[Hk,Hd]+O(L3):

= e
−L:(α+β)Hd+Hk−L

2
[Hk,βHd]+

1
2

[
Hd,−LHk+

L2

2
β[Hk,Hd]

]
+O(L3):

= e−L:(α+β)Hd+Hk−L
2
(α−β)[Hk,Hd]+O(L3):

(4.83)

α = β = 1/2 L2

(4.17) L

Lie

e−L:αHd:e−L:γHk:e−L:βHd:e−L:δHk:e−L:βHd:e−L:γHk:e−L:αHd: = e−L:H+O(L5): (4.84)

α, β, γ, δ (4.30)

3

4.6 (2.22)

H = kx4 +
p2

2
(4.85)

(4.80)( ) (4.83)( ) (4.84)( ) 4

4.6

( )
5

3 [5]
4

5

51

(a) 1st order map (b) 2nd order map

(c) 3rd order map

4.6: (2.22) (4.85)

(a) (4.80) (b) (4.83) (c) (4.84)
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(q1, q2, · · · , qi, · · · , qN ) (p1, p2, · · · , pi, · · · , pN ) t

H(q, p, t)

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
(4.86)

(̇x) = dx/dt (q, p) (Q(q, p, t), P (q, p, t))

K

Q̇i =
∂K

∂Pi
, Ṗi = − ∂K

∂Qi
(4.87)

(q, p) (Q,P )

A q Q = Aq P

H(Q,P, t)

Q = Aq P = p/A Q,P,K = H(Q,P, t)

H(q, p)

G

Type 1 : G1(q,Q, t) (4.88)

Type 2 : G2(q, P, t) (4.89)

Type 3 : G3(p,Q, t) (4.90)

Type 4 : G4(p, P, t) (4.91)

H K

qi pi Qi Pi K −H

G1(q,Q, t) ∂G1/∂qi −∂G1/∂Qi ∂G1/∂t

G2(q, P, t) ∂G2/∂qi ∂G2/∂Pi ∂G2/∂t

G3(p,Q, t) −∂G3/∂pi ∂G3/∂Qi ∂G3/∂t

G4(p, P, t) −∂G4/∂pi ∂G4/∂Pi ∂G4/∂t

4.1:

Type 1

G(q,Q, t) =
∑
i

qiQi (4.92)
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(q1, q2, · · · , qi, · · · , qN ) (p1, p2, · · · , pi, · · · , pN ) t

H(q, p, t)

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
(4.86)

(̇x) = dx/dt (q, p) (Q(q, p, t), P (q, p, t))

K

Q̇i =
∂K

∂Pi
, Ṗi = − ∂K

∂Qi
(4.87)

(q, p) (Q,P )

A q Q = Aq P

H(Q,P, t)

Q = Aq P = p/A Q,P,K = H(Q,P, t)

H(q, p)

G

Type 1 : G1(q,Q, t) (4.88)

Type 2 : G2(q, P, t) (4.89)

Type 3 : G3(p,Q, t) (4.90)

Type 4 : G4(p, P, t) (4.91)

H K

qi pi Qi Pi K −H

G1(q,Q, t) ∂G1/∂qi −∂G1/∂Qi ∂G1/∂t

G2(q, P, t) ∂G2/∂qi ∂G2/∂Pi ∂G2/∂t

G3(p,Q, t) −∂G3/∂pi ∂G3/∂Qi ∂G3/∂t

G4(p, P, t) −∂G4/∂pi ∂G4/∂Pi ∂G4/∂t

4.1:

Type 1

G(q,Q, t) =
∑
i

qiQi (4.92)
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pi =
∂G

∂qi
= Qi (4.93)

Pi = − ∂G

∂Qi
= −qi (4.94)

K = H +
∂G

∂t
= H (4.95)

ϵ (q, P ) H

Type 1

G(q, P, t) =
∑
i

qiPi + ϵH(q, P ) (4.96)

q, p

q + δq, p+ δp

Qi = qi + ϵ
∂H

∂pi
(4.97)

pi = Pi + ϵ
∂H

∂qi
(4.98)

δqi = ϵ
∂H

∂pi
(4.99)

δpi = − ϵ
∂H

∂qi
(4.100)

(q, p)
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